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Abstract 
 

In this paper, we derive the theoretical Symbol Error Probability (SEP) of cooperative 
systems with best relay selection for Nakagami-m fading channels. For Amplify and Forward 
(AF) relaying, the selected relay offers the best instantaneous Signal to Noise Ratio (SNR) of 
the relaying link (source-relay-destination). In cooperative networks using Decode and 
Forward (DF), the selected relay offers the best instantaneous SNR of the link between the 
relay and the destination among the relays that have correctly decoded the transmitted 
information by the source. In the second part of the paper, we derive the SEP when all 
participating AF and DF relaying is performed. In the last part of the paper, we extend our 
results to cognitive radio networks where there is interference constraints : only relays that 
generate interference to primary receiver lower than a predefined threshold T can transmit. 
Both AF and DF relaying with and without relay selection are considered. 
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1. Introduction 
Cooperative diversity is a new promising concept [1-4] that allows to create a virtual MIMO 
(Multiple Input Multiple Output) system without requiring multiple antennas at the transmitter. 
It consists in using the antennas of neighboring relays to forward the transmitted signal by the 
source. Cooperative protocols are usually classified into two categories : the Amplify and 
Forward (AF) scheme in which the relay amplifies its received signal and the Decode and 
Forward (DF) scheme where the relay decodes and re-encodes the received signal. Bit Error 
Probability of cooperative systems using AF or DF strategy have been evaluated in [5]-[6]. 

2. Related Work 
These conventional cooperative protocols require N+1 channel resources, i.e. one for the 
source and N for the relays, which reduce the system spectral efficiency. To solve this problem, 
a new cooperation protocol called Selection AF (S-AF) was introduced in [7]. In S-AF, only 
the relay with the highest SNR of the relaying link (Source-Relay-Destination) is chosen as the 
active relay. It has been shown in [7] that S-AF offers better performance than conventional 
AF. An asymptotic BEP of S-AF for Rayleigh fading channels has been derived in [7]. A more 
accurate lower bound of the BEP of S-AF for Rayleigh fading channels has been derived in [8]. 
However, the exact SEP of S-AF has not been yet derived and there is no study for 
Nakagami-m fading channels. 
In [9], the capacity outage probability of S-DF has been derived. In S-DF, the selected relay 
has the highest SNR of the relay to destination link among the relays that have correctly 
decoded. To the best of our knowledge, the BEP of S-DF has not been yet derived for Rayleigh 
or Nakagami-m fading channels. 
More recent papers studied the performance of cognitive radio networks in the presence of 
Nakagami fading channels [23-30]. Cognitive radio networks improves the spectrum 
utilization. Primary users (licensed users) and secondary users (unlicensed) share the same 
spectrum. In underlay cognitive radio networks, the generated interference from secondary 
users to primary users should be below a predefined threshold in order to not degrade the QoS 
(Quality of Service) at the primary receiver. In [23-24, 26-28], AF relaying with a single AF 
relay was considered. Multihop relaying was studied in [25] in the presence of interference 
constraints. Secrecy performance of cognitive radio networks with DF relaying was 
investigated in [30]. A network containing a single DF relay was studied in [30]. 
The innovation of the paper are as follows : 
- Derive the exact SEP of cooperative systems using Selective AF or Selective DF relaying for 
Nakagami-m fading channels. The different links are assumed to be i.ni.d. Exact SEP is not 
available in the literature. 
- Study both all participating relaying and relay selection and derive the diversity order. 
- Derive lower and upper bound of the SEP when AF relaying is used. 
- Study cognitive radio networks with multiple relays. Previous studies consider a single relay 
[23-24, 26-30]. 
- Derive the diversity multiplexing tradeoff for underlay cognitive radio networks. To the best 
of our knowledge it is not available in the literature. 
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Sections 3 and 4 study selective AF and DF relaying for Nakagami channels. Sections 5 and 6 
consider all participating AF and DF relaying. Cognitive radio networks are analyzed in 
sections 7 and 8. Simulation and theoretical results are given in section 9. Conclusions and 
perspectives are given in section 10. 

3. BEP of cooperative S-AF 
As shown in Fig. 1, we consider a wireless communication system with N relays Ri, a source S 
and a destination D. In the first phase of the transmission, S broadcasts the signal x to D and all 
the relays Ri. In the second phase, the relay which offers the highest total SNR of the relaying 
link S-R-D is selected. The selected relay Rsel amplifies the received signal and forwards it to 
D. Relay selection requires some signalization and is performed by a central node. Some 
signalization is sent from the central node to activate the best relay. Both the Channel State 
Information (CSI) of first and second hop of different relays are sent to the central node (2N 
CSI are required were N is the number of relays). The central node uses the CSI of first and 
second hop to deduce the end-to-end SNR for each relay using (3). Then, the central node 
compares these end-to-end SNR and sends some signalization to activate the best one with the 
largest end-to-end SNR. Signalization is the drawaback of relay selection. 

 
Fig. 1. System model. 

 

Assuming that D combines the signals received from the source and the selected relay using a 
Maximum Ratio Combining (MRC) approach, the SNR at D is given by [5,7] 
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where 

 

 

 
ΓXY is the SNR between nodes X and Y, fXY is the channel coefficient, E0 (resp. Ei) is the 
transmitted energy per symbol by source (resp. relay Ri), NX,Y is the noise power spectral 
density of link X-Y. The BEP is therefore given by 

 
 
where A and B depend on the considered modulation (for example, A=1,B=2 for BPSK), Q(x) 
is the Marcum Q-function, pX(x) is the Probability Density Function (PDF) of X. 
For Nakagami-m fading channels, we have 

 
 Γ(.) is the gamma function, mS,D is the fading figure and  

 
 
E(Y) is the expectation of Y. 

 
PX(x) is the Cumulative Distribution Function (CDF) of X. The CDF has been derived in [10] 
(equation (12)). By taking the derivative of the CDF, we obtain 
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where 

 

4. BEP of cooperative S-DF 
 
For S-DF relaying, each relay having correctly decoded sends to the central node some 
signalization so that it can be a candidate relay. The destination sends the CSI of second hop of 
all candidate relays to the central node. Then, the central node compares the SNR of second 
hop of all candidate relays and activate the best one with largest second hop SNR. 
 
The BEP of S-DF can be written as  
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where ∆ is the set of relays that have correctly decoded, 

 
Pe Ri is the average SEP at relay Ri, 

 

 
and 
 
 

 
Rsel∆ is the selected relay in set ∆. This relay offers the highest SNR among relays that have 
correctly decoded : 

 
Therefore, the PDF of the SNR is given  by 

 

 
G( m,u) is the incomplete gamma function, pΓRi,D is written similarly to (5). 

5. AF with all participating relaying 
The SNR at D is the sum of SNRs from all N relays [21-22] since MRC combination is 
performed 
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In order to obtain simple equations, the following lower and upper bounds will be used 

 
We have 

 
5.1 Lower bound on SEP 
 
In the following, we derive a lower bound of the Symbol Error Probability (SEP) using the 
above upper bound on SNR. In next subsection, we explain how we can easily plot an upper 
bound of the SEP using the above lower bound on SNR. The MGF of SNR can be written as 

 
where 

 
 

The CDF is equal to [11] 
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where G(.,.) is the upper incomplete gamma function 

 
The PDF is obtained by a simple derivative of above equation 

 
A Laplace Transform (LT) of the PDF gives the MGF (Moment Generating Function) [19] 

 
2F1(.,.,.) is Gauss' hypergeomeric function. 
If the fading figure of the first hop is equal to that of the second hop and average SNR of first 
hop is equal to that of the second hop, we have 
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Our results are valid for any channels and the above equation is provided for the case that the 
fading parameter of the first hop m is equal to that of the second hop. 
 
The Symbol Error Probability (SEP) for I-PSK modulation is equal to [19] 

 

 
5.2 Upper bound on SEP 
Let 

 

 
We have  

 
 

Therefore, the CDF, PDF and MGF of Y can be deduced from the following simple equations 

 
Having the MGF of relaying link, we can easily deduce an upper bound of the SEP using 
results of previous subsection. 

6. DF with all participating relaying 
Let θ be the set of relays that have correctly received the transmitted symbol by the source. It is 
assumed that all relays transmit over orthogonal channels. The symbol error probability at D is 
equal to 
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PeRj is the SEP at relay Rj. 
 
6. 1 SEP at the relay 
The PDF of the SNR at Rk, is equal to 

 
where 

 
 

The SEP at k-th relay is equal to 

 
where A and B depend on the considered modulation (for example, A=1, B=2 for BPSK), 
 

 
and 
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6.2 Conditional SEP at the destination 
 
When the set of relays having correctly decoded is θ, the conditional SEP at D is equal to 

 
where 

 
To obtain the PDF, we can use the Moment Generating Function (MGF) of SNR. In fact, the MGF of 
sum of independent random variable is equal to the product of MGF : 

 
where 

 
A fraction decomposition gives 
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where the residues are 

 
and 

 
f(n) is the n-th derivative of f and g(x)|x=c=g(c). 
The PDF is deduce by making an inverse LT 

 
By using previous equations, we have 

 

7. SEP of cooperative AF relaying for cognitive radio networks 
 

The system model is shown in Fig. 2. In the primary network, there are primary transmitter 
and receiver denoted by PT and PR. In the secondary network, there are a secondary source S, 
secondary destination D and N relays Ri. Only relays that generate interference to PR lower 
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than a predefined threshold T are activated, i.e.,  

 

 
Fig. 2. System model for cognitive radio networks 

 
For all participating relaying, all relays that verify interference constraint transmit over 
orthogonal channels.  
For Selective AF, the best relay among those that verify interference constraints transmits. 
Interference measurements are done at primary receiver PR. Then, the PR sends some 
signalization to central node to inform it about candidate relays (i.e. those that generate 
interference to PR lower than T). The CSI of first and second hop of these candidate relays are 
sent to the central node. Finally, the central node activates the candidate relay that verifies 
interference constraints and offers the highest end-to-end SNR (3). 
The SEP is written as 

 
Ped

AF|θ is given in equations (4) and (27) respectively for selective AF and all participating AF. 
We have only to replace the set of available relays (1,...,N) by θ, P(θ) is the probability that 
only relays in set θ verify interference constraints 
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where 

 
where 

 
 
is the average interference that depends on the distance between Ri and PR, dRiPR, β is the path 
loss exponent. 

8. SEP of cooperative DF relaying for cognitive radio networks 
The system model is shown in Fig. 2. Only relays that have correctly decoded the symbol and 
generate interference to PR lower than a predefined threshold T are activated. 
For all participating relaying, all relays that verify interference constraint and having correctly 
decoded, transmit over orthogonal channels.  
For Selective DF, the best relay among those that verify interference constraints and having 
correctly decoded transmits. The PR sends some signalization to central node to inform it 
about candidate relays (i.e. those that generate interference to PR lower than T). The relays 
that have correctly decoded send also some signalization to inform the central node about it. 
The destination sends also the CSI of second hop of different relays. Finally, the central node 
activates only the relay that has correctly decoded, verifies interference constraints and offers 
the highest SNR of second hop. 
The SEP is written as 

 
where PDF

eD|θ is given in equations (12) and (36) respectively for selective DF and all 
participating DF. We have only to replace the set of available relays (1,...,N) by θ, P(θ) is the 
probability that only relays in set θ verify interference constraints and have correctly decoded 
the symbol 

 

10. Asymptotic analysis and Diversity-Multiplexing Tradeoff 
 
10.1 Asymptotic analysis of all participating DF 
 
The CDF of the SNR of the Rk-D link is equal to 
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Series representation of the incomplete Gamma function gives 

 
Using (50) and (51), we obtain an approximation of the CDF at high SNR by using the first 
term of (51) : 

 
For all participating DF relaying and at high SNR, all relays are active and the SNR is equal to 

 
We have to derive the CDF of the total SNR to deduce the diversity order. We begin by 
considering the case of a single relay. The CDF of the SNR is given by 

 
Using (52) which is also valid for the direct link, we obtain 

 
which shows that the diversity order is equal to mSD+mR1D. In case of many relays, a similar 
approach shows that the diversity order is equal to 

 
10.2 Opportunistic DF 
 
We first derive the statistic of 
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Using (52), we obtain 

 
At high SNR, all DF relays have correctly decoded and the SNR is equal to 

 
Using the same steps as previous section, we easily show that the S-DF protocol offer the same 
diversity as all participating DF given in (56). 
 
10.3 All participating and opportunistic AF 
 
For AF relaying, the SNR is given by 

 
At high SNR, the upper bound is very tight and the CDF can be approximated by 

 
Series representation of incomplete Gamma function gives 

 
where 

 
At high SNR, the CDF can be approximated by the term corresponding to the 
lowest power of x : 
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where 

 

 
Using the same steps as previous sections, we easily show that the diversity order of all 
participating AF and selective AF are equal to 

 
10.4 Diversity multiplexing tradeoff for Non cognitive network 
 
At high SNRs, the outage probability can be approximated by 

 
where a is a constant, γth is the outage threshold, 

 
is the average SNR, Es is the transmitted energy per symbol, N0 is the noise power spectral 
density (PSD). 
The outage threshold γth is related in terms of the spectral efficiency R as follows [1] 

 
 
for opportunistic relaying since we have two transmitter S and selected relay. 
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for all participating relaying since we have N+1 transmitters [1]. 
In addition, from the definition of [1], the spectral efficiency R can be written with respect to 
the normalized spectral efficiency r as 

 
Therefore, we can write 

for opportunistic relaying and 

 
for all participating relaying. 
The diversity multiplexing tradeoff can be formulated as 

 
Using equations (69)-(76), the diversity multiplexing tradeoff is written as 

 
for opportunistic relaying. 

for all participating relaying. 
The maximum diversity Gd defined in (56)-(68) is reached for r=0. 
The diversity order of DF-Distributed Space Time coding (DSTC) is the same as all 
participating DF and opportunistic DF [2]. It is well known that DSTC achieves full diversity 
[2].  In DSTC, all relays transmit over the same channel [2]. Two orthogonal channels are 
required : one for the source and one for relays' transmission. Therefore, the DMT of 
DF-DSTC is similar to that of opportunistic DF : same diversity and same number of orthgonal 
channels required (i.e. 2). 
 
10.5 Diversity multiplexing tradeoff for cognitive network 
 
The diversity order depend on the set of relays that verify interferenc constraints. When the set 
of available relays that verify interfference constraints is θ, the diversity order is equal to 

 
for all participating AF and opportunistic AF. 
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for all participating and opportunistic DF. 
Using the results of previous section, the diversity multiplexing tradeoff  is written as 

 
for opportunistic relaying. 

 
for all participating relaying. p(θ) is defined in (46) and (49) respectiverly for AF and DF. 

11. Theoretical and simulation results 
This section provides some numerical and simulation results of both AF and DF protocols for 
BPSK modulation. Fig. 3-5 corresponds to relay selection with AF and DF relaying. Fig. 6-8 
correspond to all participating relaying. We have allocated the same transmitted energy per 
symbol to the source and the selected relay, Ei=Es/2 where Es is the transmitted energy per 
usefull symbol for relay selection. Ei=Es/(N+1) for all participating relaying. We have used 
the same fading figure in all links denoted by m. The distance between all nodes is equal to one 
but our results are valid for any network and channel configuration. We can model the power 
of channel coefficient as being proportional to 1/dβ  where β is the path loss exponent. 

0 2 4 6 8 10 12 14 16 18 20

10
-4

10
-3

10
-2

10
-1

10
0

Eb/N0 (dB)

B
E

P

 

 

Theory S-AF : Zhao
Theory S-AF : Ikki
Theory S-AF : Our analysis
Simulations S-AF

 
Fig. 3. BEP of Cooperative Selective Amplify and Forward protocol for Rayleigh fading channels 
 
Fig. 3 shows the BEP of S-AF protocol for Rayleigh fading channel (m=1). We have plotted 
the theoretical BEP as derived by Zhao [7] (equation (7), Ikki [8] (equation (14)) and the 
proposed study (equation (4)). As expected, the proposed study is in perfect accordance with 
the simulation results. 
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Fig. 4. BEP of Cooperative Selective Amplify and Forward protocol for Nakagami-m fading channels 
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Fig. 5. BEP of Cooperative Selective Decode and Forward protocol for Nakagami-m fading channels 
 
 
Fig. 4 and Fig. 5 show respectively the BEP of S-AF and S-DF protocols for Nakagami-m 
fading channels for m=1, 2 and 3. We notice that the simulation results are in accordance with 
the derived theoretical BEP. We also verify that the performance improves as m increases and 
that S-DF offers better performance than S-AF. 
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Fig. 6. BEP of Cooperative DF relaying for Nakagami-m fading channels 

 
Fig. 6 shows the BEP of all particiapting DF relaying for BPSK modulation in the presence of 
a single relay N=1 and different values of fading parameter m=1,2,3. We notice that the 
performance improves as m increases. Simulation results agree well with theoretical ones. 
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Fig. 7. BEP of Cooperative DF relaying for Nakagami-m fading channels :  

different number of relays and m=2 
 
 



102                                                                Ben Halima et al.: SEP of cooperative systems for Nakagami channels 

Fig. 7 shows the results for m=2 and different number of all participating DF relays N=1,2 and 
3. As the number of relays increases as the BEP decreases due to cooperative diversity. The 
signal is received through different relays and an MRC (Maximum Ratio Combination) of 
signals is performed at Destination. 
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Fig. 8. BEP of Cooperative AF relaying for Nakagami-m fading channels :  

different number of relays and m=2. 
 
 
Fig. 8 shows the BEP for all participating AF relaying and N=1,2,3 with m=2 (fading 
parameter of Nakagami channel). The simulation results are between the lower and upper 
bound of BEP. It is well known that the upper bound of SNR (see equation 18 ) is very 
accurate at high SNR. 
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Fig. 9. BEP of all participating AF relaying :  m=3 and N=2 relays for cognitive radio networks. 
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Fig. 10. BEP of all participating DF relaying : m=2 and N=2 relays for cognitive radio networks. 
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Fig. 9 and Fig. 10 show respectively the BEP of all participating AF and DF relaying for 
cognitive radio networks. The distance between relays and primary receiver PR is equal to one. 
If this distance decreases (resp. increases), the performance degrades (resp. improves) since 
there are less (resp. more) available relays. We notice that the performance improves as the 
interference T threshold increases due to cooperative diversity since there are more available 
relays. 

 
Fig. 11.  DMT for  non cogntive radio networks. 
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Fig. 12.  DMT for cogntive radio networks. 
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Fig. 11 and Fig. 12 show the DMT respectively for non cognitive and cognitive radio 
networks. There are N=3 relays and m=2 (fading parameter of Nakagami channel).  Since the 
fading parameter of first and second hop is 2 for all links, the diversity order of AF is the same 
as DF (see (56) and (68)). Therefore, the DMT shown in Fig. 11 and Fig. 12 are valid for both 
AF and DF. In Fig. 11, the maximum diversity (N+1)*m=8 is reached for normalized spectral 
efficiency r=0. The DMT of relay selection is better than all participating relaying. In Fig. 12, 
the diversity order reached for r=0 depends on the interference threshold T. The distance 
between secondary nodes and primary receiver is equal to one. For example, for T=1, the 
diversity is lower than (N+1)*m=8 because relays are not always available and some of them 
generate an interference larger than T. However, for T=10, the obtained diversity is equal to 8 
for r=0 and almost all relays are available since the interference threshold T is large.  

10. Conclusion and perspectives 
In this paper, we have derived the exact and approximate SEP of cooperative systems using 
AF or DF relaying with best relay selection for Nakagami-m fading channels where the 
different links are assumed to be i.ni.d. We have verified that the derived SEP expressions are 
in accordance with the simulation results. In the second part of the paper, we studied the 
performance when all relays participate using AF and DF relaying. Results of DF relaying are 
exact and we have presented a lower and upper bounds of the SEP when AF relaying is used. 
Finally, in the last part of the paper, we have extended our results to cognitive radio networks 
where there is interference constraints : only relays that generate interference to primary 
receiver lower than a predefined threshold  T can transmit. Both AF and DF protocols with and 
without relay selection were considered. As a perspective, we can study AF relaying with 
blind relays that don't need to estimate the channel. Also, it will be interesting to study 
Distributed Space Time Coding (DSTC) with AF relaying and derive its DMT. 
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