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Abstract 
 

This study proposes a method to develop an authoring system(GeoMaTree) for diverse trees 
that constitute a virtual landscape. The GeoMaTree system enables the simple, intuitive 
production of an efficient structure, and supports real-time processing. The core of the 
proposed system is a procedural modeling based on a mathematical model and an application 
that supports digital content creation on diverse platforms. The procedural modeling allows 
users to control the complex pattern of branch propagation through an intuitive process. The 
application is a multi-resolution 3D model that supports appropriate optimization for a tree 
structure. The application and a compatible function, with commercial tools for supporting the 
creation of realistic synthetic images and virtual landscapes, are implemented, and the 
proposed system is applied to a variety of 3D image content. 
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1. Introduction 

In producing digital content such as movies and games, computer graphics related to plants 
are important elements in increasing the realism of content that has a natural background. 
Therefore, the effective generation and realistic expression of digital plants is an active area of 
research in a variety of fields. 

New approaches and attempts aimed at realistically expressing digital plants under efficient 
structure are being made in diverse fields including computer graphics. Most of the studies are 
based on L-system, developed by Lindenmayer [1], and the botanical approach [2], and focus 
on realistic growth and expression. Later studies have attempted to generate digital trees more 
easily in an intuitive structure through the rule and grammar-based process [3]. Some studies 
have aimed at effectively reconstructing realistic digital plant by combining images with 
computer vision technique [4]. Because most of these studies focused on the realistic growth 
and modeling of plant, complexity and efficiency received relatively minor consideration. In 
creating a virtual landscape composed of multiple trees, simplification and optimization of the 
tree model structures is important, and studies should be made on real-time process that is 
appropriate for tree structures in order to further develop into real-time landscape. 

This study presents a user-centered system that realistically models multiple diverse digital 
trees through a simple growth procedure in an efficient structure. The tree structure in our 
system is centered at the growth and shape of trunk and branch. For leaves, only the 
distribution is considered. The proposed GeoMaTree system has the following four main 
contributions: 

1. The paper designs a geometric model based growth procedure for generating realistic 
tree model. This growth rule has an intuitive structure that can be predicted by the user, 
while simultaneously simplifying the generation structure. Furthermore, the user's 
satisfaction with the tree model’s generation process, and the realism of the generation 
model can be verified experimentally. 

2. The paper optimizes the branch pattern that appears in the growth procedure based on 
a mathematical model. The proposed method involves a novel approach to optimizing 
a mathematical model (based on its formula and grammar) through an algorithm and 
implementing it as a system. The real-time processing efficiency of the mathematical 
model, as well as the user’s satisfaction, can be verified through comparisons with 
previous studies. 

3. The paper describes the static level of detail (LOD) method that is optimized to the tree 
model so that it can be applied to real-time virtual landscape system. A novel 
simulation method has been designed, which applies the LOD method to the 
geometrical structure and mathematical model of a tree with the help of a growth 
model. Furthermore, its efficiency can be verified by creating a virtual landscape 
consisting of multiple trees, on which the LOD method has been applied.  

4. The study implements compatible functions so that the generated tree model 
is applicable in diverse fields. By employing the compatible functions of the proposed 
authoring system, high quality rendering results and real-time applications can be 
directly produced to confirm the application’s direction. 

 
We verified the performance of the proposed system through diverse experiments where 

realistic expression of the tree model is checked by synthesizing with real image and 
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efficiency is verified by creating virtual landscape that is composed of multiple trees. Fig. 1 
shows our process and results of the proposed system. 

 

 
Fig. 1. GeoMaTree: geometric and mathematical model based digital tree authoring system.  

(a) Procedural modeling of tree based on the proposed growth and mathematical model,  
(b) Result of generating virtual landscape, (c) Synthetic image through our compatible functions. 
 
Section 2 reviews previous works and Section 3 explains system structure of the digital tree 

authoring system that is proposed in this study. Section 4 explains the procedural modeling 
method based on a mathematical model, and Section 5 describes the application function that 
enhances the usability of the generated digital trees. Section 6 describes the analysis of the 
efficiency and usability of the proposed method obtained through a series of experiments. 
Finally, Section 7 draws together the conclusions of this study and offers some ideas for future 
research. 

2. Previous Work 
Studies on the expression of digital plants including trees progressed from the research on 
L-system by Lindenmayer [1]. This is a biological research, which examines L-system to 
describe the growth equation, growth pattern, and interaction of single cells such as yeast and 
mold or simple multicellular organisms. L-system later advanced from a tool for describing 
shapes and branch structure of complex plant to a tree modeling system. L-system sets a 
variety of factors that determine tree growth as parameters based on generation grammar that 
has recursive structure. After designating symbols, the system defines the process of 
transforming from current to next status as a production rule. Through this process, structure 
of creature is expressed as it grows and gets complicated. There have been diverse studies that 
attempt to express and create visual model of plant based on the L-system. There are studies 
that express smooth branch in curved structure [5] and define interaction between plant growth 
and environment or design modeling language by using the L-system [6] 

Different from grammars, there are studies on modeling based on the analysis of geometric 
structure of trees [7] or on self-organizing methods that analyze botanical factors composing 
plants and reflect them in the growth [2,8]. There have been studies that attempted applying a 
botanical approach to the fate of a bud such as environmental and physical factors that affect 
the growth of plant [9] or that considered hormonal impact on growth [10-12]. Most of these 
methods have complicated rules in the procedural modeling method and either sometimes 
have too many parameters to control or their tree model process is not user-friendly due to 
unintuitive structure. Recently, studies have been conducted on mathematical approaches that 
are different from the existing digital plant modeling paradigms. One such study includes a 
modeling method that applies the CGA Shape grammar to the growth of digital plants based 
on the convolution sums of divisor functions [13]. Other examples include a study using 
hierarchical topology-preserving, blending, and morphing techniques for tree modeling 
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[14,15], another study involving a method for modeling trees using local convolution surface 
approximation, and yet another study based on simulating the growth of plant leaves that are 
composed of Voronoi diagrams [17]. However, these studies have shown limitations in the 
context of effectively generating various digital plants, since they lack in the aspect of 
intuitiveness from the user’s perspective. 

Facing these problems, interactive modeling methods have been developed that enable 
interactive control by users in the growth procedure of trees aiming at intuitive growth 
framework. For interactive control, Chen et al. [18] suggested a method that automatically 
generates 3D trees from a 2D input sketch. However, methods that make use of sketches 
require a design technique to create high-quality output. Recently, a method that reconstructs a 
3D tree model from more than two images of the tree has been developed using computer 
vision techniques [4]. This method detects the features of the trees in the input image, and 
computes the 3D information from the detected point clouds. The point clouds are directly 
computed, but 3D scanners can also be used for the detection [19,20]. However, a previous 
tree model template is necessary, which introduces many requirements. Moreover, the results 
are often limited, as the generated trees are identical to the image. Meanwhile, there is a 
method that generates a tree model from an intuitive structure using a multi-touch tablet 
interface [21]. However, this has a rather difficult environment for general users to 
comprehend, and uses a method based on the L-system structure.  Kim et al. [22] studied an 
interactive tree modeling method, which includes collision detection and collision avoidance 
using a sweep surface, but this method has the limitation that it requires the understanding of 
geometric model theory.  

Most importantly, these studies are limited in their ability to generate multiple trees 
simultaneously, as they are focused on the realistic expression of a single-tree model. In 
addition, they do not consider the tree structure for real-time processing. Studies considering 
the expression of real-time virtual landscapes are mostly related to the rendering of areas 
involving illumination models that create realistic, real-time scenes [23-25]. Although there 
are several studies on the level of detail of tree model, they enhanced the performance by 
expressing 3D tree model in billboard of plane [26-28]. Recently, an LOD study of the optimal 
tree model for VR landscaping was carried out [29]. However, this method provides a simple 
model suitable for conventional commercial engines, but does not provide the variety of subset 
model data that are user-friendly and suitable to the system. So far, there is virtually no 
research on the LOD method of trees other than billboard. 

On the contrary, there exists an effective procedural method that simultaneously creates a 
number of the diverse buildings and objects that compose a city. Vanegas et al. [30] proposed 
a framework that creates an effective 3D urban model through intuitive high-level control 
based on previously given urban information. In addition, diverse procedural modeling 
methods have been studied, and the authoring tools and systems that enable users to edit the 
results are currently under development [31]. However, as trees have more complex structures 
than box-shaped buildings, research on the multiple trees that constitute a virtual landscape is 
currently scarce. 

3. System Overview  
This study focuses on developing a user-oriented authoring system that can model and 
simulate many diverse trees, which are components of a virtual landscape or a natural 
background, in a realistic and efficient structure. The structure of the authoring system has 
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been designed in two sections (Procedural modeling, Simulation and applications). Fig. 2 
illustrates this aspect, and the authoring system has been constructed by dividing it into 
sub–modules, based on the two proposed core functions. 
 

 
Fig. 2. System overview of the proposed GeoMaTree system. 

 
The first function is procedural modeling that determines the growth model and growth 

pattern of branches comprising a tree. In this study, a predictable and realistic growth process 
with user-friendly intuitive rules has been designed which possesses an efficient branch 
structure that can be processed in real time, through a growth pattern based on a mathematical 
model. In Section 4, the procedural modeling method has been described, which takes into 
consideration both the growth model and growth pattern. 

The second function comprises a data parsing feature, together with a simulation method 
that can be efficiently rendered in real-time systems, such as digital games. Such a function 
allows the tree models, created through the proposed authoring system, to be applied in 
various digital contents. First, a multi-resolution 3D tree model has been designed by applying 
a branch growth pattern based on a mathematical model and an LOD that adjusts the details of 
the geometric model structure. Subsequently, to increase the utility of the proposed authoring 
system, compatible functions have been implemented that are applicable to the creation of 
various digital content such as games, animations, and movies. Section 5 describes the 
simulation and application of the authoring system, in a step by step method. 

4. Procedural Modeling 
The process of growing trees can be divided into a growth model that determines the overall 
shape of the tree and a method that defines the distribution of the branches. This study 
proposes a procedural modeling method whereby the generated tree model has an efficient 
memory structure, but the user can effectively control the overall shape of the tree. 
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4.1 Geometric Growth Model Simplification 
In the growth model of the proposed system, users can easily produce the desired trees, as the 
propagation of the current branch to the new one is predictable in an intuitive structure. This 
study removes unnecessary and ambiguous parameters based on the growth model proposed 
by Kim et al. [32] and only selects core parameters that are essential to realistic growth. Then, 
an algorithm is designed so that the proposed system can be implemented as a module. 

First, the parameters needed to define the growth of child branches are computed using the 
growth information of the parent branch, such as the position and direction. The position of a 
bud is determined to generate a new child branch above the parent branch. The position of the 
child branch (𝑝𝑝𝑖𝑖) can be obtained by controlling the length of the growth direction vector (�⃗�𝑣𝑝𝑝𝑝𝑝) 
from the position of the parent branch (𝑝𝑝𝑝𝑝𝑝𝑝). Here, whether the overall distribution of the 
branch is growing upward or hanging low depends on the length control parameter (𝑟𝑟𝑏𝑏𝑏𝑏𝑏𝑏). 
Next, the length (𝑙𝑙𝑖𝑖) and direction (�⃗�𝑣𝑖𝑖) of the next child branch are calculated. For the direction, 
a basis growth vector (�⃗�𝑣𝑔𝑔𝑝𝑝)) is calculated by multiplying the rotation angle that determines the 
width (𝜃𝜃𝑖𝑖) and rotation angle that determines the volume (𝜙𝜙𝑖𝑖) using the parent branch as a local 
coordinate. Random seeds are then allocated around the basis direction, and one seed is chosen 
at random. The vector from the position of the bud (𝑝𝑝𝑖𝑖) to the selected seed (𝑝𝑝𝑠𝑠𝑠𝑠𝑠𝑠𝑏𝑏) gives the 
final direction vector (�⃗�𝑣𝑖𝑖). The random seed is an important factor that introduces some 
irregularity to the growth pattern of the branch. According to the number of seeds and their 
distribution, different trees can be generated from the same value (Fig. 3(a)). 
Environmental or physical phenomena can be applied to the growth direction of the branches 
to express more diverse and natural-looking growth. This can be simply addressed by adding 
an external vector (�⃗�𝑣𝑠𝑠𝑒𝑒𝑒𝑒) to the calculated growth direction vector, as expressed in Equation 
(1). 

𝑝𝑝𝑖𝑖 =  𝑝𝑝𝑝𝑝𝑝𝑝 + 𝑟𝑟𝑏𝑏𝑏𝑏𝑏𝑏 ∗  �⃗�𝑣𝑝𝑝𝑝𝑝 , 
�⃗�𝑣𝑔𝑔𝑝𝑝 =  𝑙𝑙𝑖𝑖 ∗ 𝑅𝑅(𝜙𝜙𝑖𝑖)𝑅𝑅(𝜃𝜃𝑖𝑖) ∗  �⃗�𝑣𝑝𝑝𝑝𝑝 ,                                                  (1) 
�⃗�𝑣𝑖𝑖 = (𝑝𝑝𝑠𝑠𝑠𝑠𝑠𝑠𝑏𝑏 −  𝑝𝑝𝑖𝑖) +  �⃗�𝑣𝑠𝑠𝑒𝑒𝑒𝑒 

 
Once the growth direction of the branch has been determined, the surface of the branch, 

including its volume and curvature, is calculated. To express the irregular surface of the 
branch at a fine scale using only the growth vector, the branch length must be sufficiently short 
such that the segments can be placed together end to end. However, this can be 
computationally expensive, and generating one tree can take a long time. In this study, the start 
and end points of the branch growth and two control points are chosen at random(Fig. 3(b)). A 
Bézier curve is then calculated using these four points to express the irregular curved surface. 
As shown in Fig. 4(a), the precision of the curvature of the branch differs according to the step 
of the curve. Finally, as for the volume of the curve, circles of radius (𝑟𝑟𝑖𝑖𝑠𝑠, 𝑟𝑟𝑖𝑖𝑏𝑏) are centered 
normal to the curve, as in Fig. 4(b), and these are linked to determine the shape of the branch. 
The total number of vertices that constitutes the branch depends on the difference in the 
number of surface vertices around the circles (𝑛𝑛𝑠𝑠𝑏𝑏𝑝𝑝𝑠𝑠). Equation (2)  describes the calculation 
of the control point of the branch curve in Fig. 3(b). The position of the surface vertex that 
composes the volume is computed using the same method as shown in Fig. 4. 
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Fig. 3. Growth model of the procedural tree modeling. (a) Branch propagation process, (b) Control 

point calculation process for smooth branch curve. 
 

 
Fig. 4. Curve and volume step setting for geometric model of branch. (a) Setting of segment step of the 
branch curve using Bézier curve (𝑛𝑛𝑏𝑏𝑖𝑖𝑑𝑑), (b) Setting the segment steps of the surface that composes the 

volume of the branch (𝑛𝑛𝑠𝑠𝑏𝑏𝑝𝑝𝑠𝑠). 
 

𝑐𝑐𝑘𝑘 = 𝑅𝑅(𝜙𝜙𝑘𝑘)𝑝𝑝𝑝𝑝𝑟𝑟𝑝𝑝𝑑𝑑�⃗ 𝑖𝑖
𝑑𝑑�⃗ 𝑔𝑔𝑔𝑔 ∗  𝑙𝑙𝑖𝑖 +  

𝑘𝑘
3
∗  �⃗�𝑣𝑖𝑖 + 𝑝𝑝𝑖𝑖  , 

𝑝𝑝𝑝𝑝𝑟𝑟𝑝𝑝𝑑𝑑�⃗ 𝑖𝑖
𝑑𝑑�⃗ 𝑔𝑔𝑔𝑔 =  �⃗�𝑣𝑔𝑔𝑝𝑝 −  𝑑𝑑�⃗ 𝑔𝑔𝑔𝑔 ∙ 𝑑𝑑�⃗ 𝑖𝑖

‖𝑑𝑑�⃗ 𝑖𝑖‖2
 �⃗�𝑣𝑖𝑖                                                   (2) 

where, 𝑘𝑘 = 1, 2 
 
Here, ck represents a control point for a smooth branch’s curve that can be calculated with 

an angle of rotation (θk) that determines the spatial location of the control point, the length 
value (lk)  that controls the degree of bending of the branch curve, and the position of the bud 
(pi). The perpendicular vector (perpv��⃗ i

v��⃗ gr) that determines the control point can be calculated by 
using the basis growth vector (v�⃗ gr) and the final direction vector (v�⃗ i). 

 
The main parameters for the growth model are as follows: 
 Value that controls the position of a bud, the starting point of each branch: 𝑟𝑟𝑏𝑏𝑏𝑏𝑏𝑏 
 Length and direction of branches that grow from a bud: 𝑙𝑙𝑖𝑖 ,𝜃𝜃𝑖𝑖 
 Number of random seeds: 𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝑏𝑏 
 External factor that affects the growth direction: �⃗�𝑣𝑠𝑠𝑒𝑒𝑒𝑒 
 Initial thickness of the branch surface: 𝑟𝑟𝑜𝑜𝑠𝑠 
 Curvature of the curved surface of the branch: 𝜙𝜙𝑘𝑘 , 𝑙𝑙𝑘𝑘  
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Algorithm 1 summarizes the process of determining the overall shape of a tree by growing 
branches based on the defined parameters. By organizing these parameters in an user interface, 
the proposed authoring system enables users to intuitively understand the impact of 
controlling these values on the overall shape of the tree. Here, the volume rotation angle of the 
branch (𝜃𝜃𝑖𝑖) and the step of the branch curve (𝑛𝑛𝑏𝑏𝑖𝑖𝑑𝑑) are set to pre-processing threshold values. 

 
Algorithm. 1. Procedural branch modeling using growth model. 
𝑝𝑝𝑝𝑝𝑝𝑝 ← position of bud of a parent branch. 
�⃗�𝑣𝑝𝑝𝑝𝑝 ← growth direction of a parent branch. 
hierarchical branch structure 
procedure CALCULATION OF GROWTH INFORMATION OF A NEW BRANCH{} 

input growth parameter value. 
① calculation of bud position 𝑝𝑝𝑖𝑖  through controlling 𝑟𝑟𝑏𝑏𝑏𝑏𝑏𝑏 from information of the parent branch  

Equation (1). 
② calculation of growth basis direction �⃗�𝑣𝑔𝑔𝑝𝑝of a child branch that will grow from 𝑝𝑝𝑖𝑖  (Equation (1)). 
set growth space (𝑙𝑙𝑖𝑖  ,𝜃𝜃𝑖𝑖) using �⃗�𝑣𝑔𝑔𝑝𝑝 as basis. 
allocate 𝑝𝑝𝑠𝑠𝑠𝑠𝑠𝑠𝑏𝑏  of the number of 𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝑏𝑏 in random position inside the growth space. 
randomly choose one 𝑝𝑝𝑠𝑠𝑠𝑠𝑠𝑠𝑏𝑏 . 
③ calculation of growth direction �⃗�𝑣𝑖𝑖 from the position 𝑝𝑝𝑖𝑖  of the current bud to the selected 𝑝𝑝𝑠𝑠𝑠𝑠𝑠𝑠𝑏𝑏 

(Equation (1)). 
procedure GEOMETRIC MODELING OF A BRANCH (𝑝𝑝𝑖𝑖  , �⃗�𝑣𝑖𝑖) 

calculation of direction vector normal to the growth direction �⃗�𝑣𝑖𝑖 using �⃗�𝑣𝑔𝑔𝑝𝑝 (Equation (2)). 
creation of control point for Bézier curve from the position of bud 𝑝𝑝𝑖𝑖  (Equation (2)). 
calculation of Bézier curve from the four control points of 𝑝𝑝𝑖𝑖 , 𝑝𝑝𝑖𝑖 + �⃗�𝑣𝑖𝑖 , 𝑐𝑐1 , 𝑐𝑐2. 
𝑛𝑛𝑏𝑏𝑖𝑖𝑑𝑑 ← segment step of the Bézier curve of a branch. 
control the smoothness of the branch curve using 𝑛𝑛𝑏𝑏𝑖𝑖𝑑𝑑. 
 𝑛𝑛𝑠𝑠𝑏𝑏𝑝𝑝𝑠𝑠 ←  segment step that composes branch surface. 
control the naturalness of the branch surface using 𝑛𝑛𝑠𝑠𝑏𝑏𝑝𝑝𝑠𝑠. 

end procedure  
end procedure  

 
The parameters of the growth model are listed in the graphical user interface (GUI) of the 

proposed authoring system, enabling users to conveniently manipulate each menu expression 
when generating the desired trees. Fig. 5 shows a screenshot of the system. The growth model 
can be checked in real-time through the viewer on the right-hand side. 

The random seed of the growth model introduces irregularity into the tree growth process 
by selecting one seed at random. To simultaneously produce multiple trees of similar shape, 
users can control the growth direction of branches by selecting the same number of seeds as 
trees. This has the advantage that, if the random seeds change the final growth direction of 
each branch in an identical growth condition, a number of trees with similar overall shapes but 
different patterns can be simultaneously generated. Hence, the proposed system supports the 
production of multiple trees to compose a virtual landscape, rather than a single-tree model, in 
an easy and intuitive structure. 
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Fig. 5. Results of GUI-based system design with the proposed growth model. 

 

4.2 Mathematical Model Based Growth Pattern 
A method of determining the number of child branches generated from the parent branch is 
equally important as the growth model. However, it is inconvenient for users to state the 
desired number of branches at every time step. If the number of child branches is fixed at a 
constant value, the distribution of branches will increase exponentially. 

This study applies a growth pattern based on a mathematical model using the convolution 
sum of the divisor function, as proposed by Kim et al [13]. Users can focus on the shape of the 
digital trees they want to produce, and the generated trees are provided in an efficient, 
real-time structure. However, existing studies have problem when directly applied to a system 
because they list growth pattern in a grammar form. Hence, growth pattern was defined as an 
algorithm using a mathematical model to effectively implement the distribution of branches 
and leaves. 

The convolution sum of the divisor function is formed by a combination of divisor 
functions that have natural numbers as their solution according to a specified rule. Equation (3) 
shows the generalized equation for the convolution sum according to the digital tree growth, 
where k runs from 1 to N-1. The change in the calculated value is known to be constant (ex. 
∑ 𝜎𝜎1(𝑘𝑘)𝜎𝜎1(𝑁𝑁 − 𝑘𝑘) =  1

12
{5𝜎𝜎3(𝑁𝑁) + (1 − 6𝑁𝑁)𝜎𝜎1(𝑁𝑁)}𝑁𝑁−1

𝑘𝑘=1 ). Hence, if the design makes N 
growth steps corresponding to the growth pattern of a branch, the distribution of the branch 
can be maintained at a constant value, making the branch a structure that is predictable to the 
users. Distribution of leaves is calculated using the same approach. Although this study only 
accounts for leaf distribution, diverse expressions of tree growth is possible as creation and 
falling of leaves are determined according to the sign of the computed value (𝑛𝑛𝑙𝑙𝑠𝑠). 
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�𝐷𝐷𝑏𝑏𝑖𝑖 (𝐵𝐵𝑖𝑖(𝑥𝑥,𝑦𝑦)𝑘𝑘)𝐷𝐷𝑙𝑙𝑖𝑖 �𝐿𝐿𝑖𝑖(𝑥𝑥,𝑦𝑦)(𝑁𝑁 − 𝑘𝑘)� ,
𝑁𝑁−1

𝑘𝑘=1

 

𝑛𝑛𝑏𝑏𝑑𝑑 =  𝐷𝐷𝑏𝑏
𝑔𝑔𝑠𝑠(𝐵𝐵𝑔𝑔𝑠𝑠(𝑥𝑥,𝑦𝑦)𝑘𝑘) −  𝐷𝐷𝑏𝑏

𝑔𝑔𝑠𝑠−1(𝐵𝐵𝑔𝑔𝑠𝑠−1(𝑥𝑥,𝑦𝑦)𝑘𝑘) ,                                  (3) 
where, 𝑛𝑛𝑏𝑏𝑝𝑝  ∈ {𝑧𝑧|1 ≤  𝑧𝑧 ≤  |𝑛𝑛𝑏𝑏𝑑𝑑| + 1}  

𝑛𝑛𝑙𝑙𝑠𝑠 =  𝐷𝐷𝑙𝑙
𝑔𝑔𝑠𝑠(𝐿𝐿𝑔𝑔𝑠𝑠(𝑥𝑥,𝑦𝑦)(𝑁𝑁 − 𝑘𝑘)) −  𝐷𝐷𝑙𝑙

𝑔𝑔𝑠𝑠−1(𝐿𝐿𝑔𝑔𝑠𝑠−1(𝑥𝑥,𝑦𝑦)(𝑁𝑁 − 𝑘𝑘)) 

 
Here, 𝐷𝐷𝑏𝑏𝑖𝑖 ,𝐷𝐷𝑙𝑙𝑖𝑖 are the i𝑒𝑒ℎ divisor function equation that determines the propagation of the 

branch and the leaves, and 𝐵𝐵𝑖𝑖  , 𝐿𝐿𝑖𝑖 are the constant multiples value of the divisor function.  In 
this case, the pair (x, y) refers to xy constants, and N is a growth step. Moreover, 𝑛𝑛𝑏𝑏𝑝𝑝  is the 
number of propagated branches using the substraction value of the convolution sum (𝑛𝑛𝑏𝑏𝑑𝑑). 
And the number of leaves is also determined by the calculated 𝑛𝑛𝑙𝑙𝑠𝑠 value. A study by Kim et al. 
[13] confirmed only the efficiency of tree branch distribution based on mathematical model, 
which was experimentally verified. Fig. 6 compares the branch distribution and the number of 
polygons of the actual tree model to reconfirm the efficiency. 

 

 
Fig. 6. Results of an efficiency test of the mathematical model-based branch propagation pattern.  

(a) Comparison of the increase in the number of branches through tree growth,  
(b) Comparison of the total number of polygons composing the trees. 

 
Types of divisor functions that constitute a mathematical model are also diverse, making it 

appropriate for expressing irregularity of the branch propagation pattern. Equation (4) presents 
the types of divisor function (𝐷𝐷𝑏𝑏𝑖𝑖 ,𝐷𝐷𝑙𝑙𝑖𝑖) that are applied to the proposed system. Finally, constant 
of the divisor function (𝐵𝐵𝑖𝑖  , 𝐿𝐿𝑖𝑖) are the increasing coefficient of branches and leaves; and users 
can control the complexity of the branch propagation pattern based on the system where the 
generated trees are used. Through this, the usability of the generated tree model can be 
diversified. 

 

1 ∶  𝜎𝜎𝑎𝑎(𝑛𝑛) =  �𝑑𝑑𝑎𝑎
𝑏𝑏|𝑁𝑁

 , 

2 ∶  𝜎𝜎𝑎𝑎,𝑏𝑏(𝑛𝑛;𝑚𝑚) =  ∑ 𝑑𝑑𝑎𝑎𝑏𝑏|𝑁𝑁
𝑏𝑏≡𝑏𝑏 (𝑚𝑚𝑜𝑜𝑏𝑏 𝑚𝑚)

 ,                                         (4) 
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3 ∶  𝜎𝜎�𝑎𝑎(𝑛𝑛) =  �(−1)𝑏𝑏−1𝑑𝑑𝑎𝑎
𝑏𝑏|𝑁𝑁

 , 

4 ∶  𝜎𝜎𝑎𝑎∗(𝑛𝑛) =  � 𝑑𝑑𝑎𝑎
𝑏𝑏|𝑁𝑁

𝑛𝑛/𝑏𝑏: 𝑜𝑜𝑏𝑏𝑏𝑏

  

Here, σ represents the sum of the ath powers of the divisors (d) of the natural number n that 
satisfies each condition.   

The proposed system enables users to select which divisor functions are applied to the 
branches and leaves. Moreover, our approach supports the production of trees via an efficient 
propagation structure and ensures natural presentation by providing an interface that controls 
the constant value determining the complexity of the branches. The mathematical model is 
intended to improve the branch propagation structure in order to increase the efficiency of 
generating virtual landscapes composed of trees. This process simultaneously addresses the 
irregularity of the growth process and the leaf processing scheme (Fig. 7). Algorithm 2 
defines the mathematical model-based branch and leaf propagation distribution in an 
applicable form to the system. 

 
Algorithm. 2. Mathematical model based growth pattern. 
procedure BRANCH PROPAGATION PATTERN  

Db
i  ← selects divisor function of the ith branch (refer to Equation (4)). 

Bi(x, y) ← selects increasing coefficient of the ith branch. 
for k ← 1, N-1 do  

if k = N-1 then (in case of trunk) 
    ndv =  Db

i (Bi(x, y)k) 
else 

    ndv =  Db
i (Bi(x, y)k) - Db

i (Bi−1(x, y)k) 
end if 
 nbr ∈ {z|1 ≤ z ≤ |ndv| + 1} ← calculates the number of branches that are to be newly added. 
creates nbr  current branches from the parent branch. 
procedure LEAF PROPAGATION PATTERN (nbr) 

Dl
i ← selects divisor function of the ith leaf (refer to Equation (4)). 

Li(x, y) ← selects increasing coefficient of the ith leaf. 
for  j ← 1, nbr do 

nlf =  Dl
i(Li(x, y)(N − k)) - Db

i (Li−1(x, y)(N − k)) 
calculates location of the leaf based on the information of  the current branch growth 

(pi , v�⃗ i). 
if  nlf > 0 then 

creates nlf leaves of the current branch. 
else 

falls nlf leaves from those created from the branch. 
end if 

end for 
end procedure  

end for 
end procedure  
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Fig. 7. Procedural modeling of trees based on a system tool using the proposed growth and 
mathematical model. (a) GUI-based system menu composition of the mathematical model, (b) Tree 
generation with the proposed authoring system, (c) Leaf expression based on a mathematical model. 
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5. Simulation and Applications 
The digital tree models generated using the proposed authoring system are frequently used in 
applications such as interactive content that requires real-time processing and 3D animation. 
Hence, this study implements a multi-resolution 3D tree model production system, and offers 
compatibility with commercial tools to ensure its applicability in diverse content fields. 

5.1 Multi-resolution 3D Tree Model 
The mathematical model is intended to allow the efficient management of a number of 
branches composing a tree. However, as the vertices and surfaces within one branch model are 
complicated, controlling only the number of branches has limitations. This system was 
designed so that the number of vertices can be controlled during the process of modeling the 
branch surface based on Bézier curves. 

The modeling of branch surfaces is divided into a curve step, which expresses the curve 
using the growth direction, and the surface vertex step, which expresses the branch volume. 
Smoothness between branches can change according to the curve step control, and the 
naturalness of the branches can change according to how the volume component is managed. 
The number of vertices that constitute the branch depends on the extent of both components, 
which eventually affects the total number of vertices in the tree. Fig. 8 shows the subset vertex 
data of branch model that was created by controlling two factors. We can see that vertex and 
polygon of the branch model changes according to the curve step (𝑛𝑛𝑏𝑏𝑑𝑑) and surface step 
(𝑛𝑛𝑠𝑠𝑏𝑏𝑝𝑝𝑠𝑠). It has an advantage in that the tree models that fit the system size can be used 
adequately whilst subset data consisting of diverse polygons are automatically generated in the 
process of creating one tree model. 

 
Fig. 8. Subset branch data for a multi-resolution 3D tree model.  

 
The LOD method is used to enhance performance in systems that require real-time 

processing, such as games. LOD controls the subdivision of the model according to the 
distance between the camera and the model. Since tree models are mostly used in the 
background, they are generally relatively far from the camera. However, this does not mean 
that the tree models can be expressed using few vertices. This study has designed a 
multi-resolution model that can be used in the LOD method by providing high-resolution trees 
that have the same overall shape. Users can control the naturalness of the tree model according 
to the features of the system in which the tree model is to be used. For example, a model with 
few polygons can be provided for relatively low specification systems, such as mobile devices, 
whereas high-quality content can be generated by increasing the naturalness when there is no 
limit on the number of polygons. In Fig. 9, static LOD that is appropriate for the tree model 
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was determined by using subset data in Fig. 8. The proposed LOD method, by solving the 
limitation of previous studies [29] that provided only simple models suitable for commercial 
engines, now it provides the subset data authoring features suited to the system so that the user 
can control according to the purpose of the content. 

 
Fig. 9. Results of the branch model control of the multi-resolution 3D tree model (ndiv, nsurf). (a) 

The generated tree mdoel (𝐷𝐷𝑏𝑏,𝑙𝑙
𝑖𝑖  : 𝜎𝜎𝐼𝐼(3𝑚𝑚 ∗ 𝑘𝑘)), (b) (10, 8), (c) (8, 7), (d) (6, 6), (e) (4, 5). 

 

5.2 Compatible Functions 
Our aim is to design a system that can be used for games, animation, and diverse 3D digital 
contents. Hence, for the generated tree model to be used in animation and image synthesis, it is 
important to be compatible with commercial graphics authoring tools such as 3ds Max and 
Maya. Moreover, if the produced models will be used in interactive content based on game 
engines, compatibility with the relevant environment is necessary. Hence, a compatibility 
function is implemented so that the tree model can be applied to graphics authoring tools or 
commercial engines without extra modification (Fig. 10). 

 
Fig. 10. Compatibility relationship between the proposed system and the other authoring tools. 



3298                                                                Jung et al.: GeoMaTree: Digital Tree Authoring System 

In the case of the digital trees generated using the proposed system, all surface information 
is stored as a description of the curved surface. Moreover, the process of procedural growth 
can be checked in real-time using a viewer function. However, as other tools and engines have 
different drawing systems, the tree model should be transformed to a more general 
polygon-type structure prior to storage. The method of computing the vertex positions that 
constitute the curved surface of a branch was described in Section 4.1. The index information 
of each triangle is stored in a buffer. The texture coordinate is set such that the starting 
coordinate is (0, 0) and the end point of the branch growth becomes (1, 1) in every growth step. 
As a result, the texture can be applied repeatedly to the branches on each step (Fig. 11). 

 
Fig. 11. The texture coordinate setting for texture mapping. 

 
The proposed system has a compatibility function for the 3ds Max, Maya, and Unity3D 

that are currently used in graphic design and 3D interactive content generation, as shown in 
Fig. 10. Hence, the supported file formats include .fbx, .obj, and .dae; in this study, we use 
the .obj format to treat the polygon model. 

5. Experimental Results and Analysis 
The proposed GeoMaTree system was implemented using Visual Studio 2013 (Microsoft, 
Redmond, WA, USA), MFC, DirectX Software Development Kit (SDK), and the PC used in 
the test had an Intel® 𝑐𝑐𝑐𝑐𝑟𝑟𝑝𝑝𝑒𝑒𝑚𝑚 i7-4790 (Intel Corporation, Santa Clara, CA, USA) with 8 GB 
random access memory (RAM) and a GeForce GTX 960 GPU (NVIDIA, Santa Clara, CA, 
USA). The test of the compatibility function considered 3ds Max, Maya (Autodesk, San 
Rafael, CA, USA) and Unity3D 5.0 (Unity Technologies, San Francisco, CA, USA). 

The test was divided into four steps. First, we tested whether digital trees could be 
effectively produced using the proposed authoring system. Users selected the necessary 
parameters for growth in the GUI menu, and selected the mathematical model to be applied to 
the trees. The growth factors were chosen once at the beginning of the tree generation process. 
Moreover, users could revise the growth factors if they wanted to change the tree shape during 
the growth process. Fig. 12 shows the results of the tree model generation using the authoring 
system. These results confirm that the tree model generated trees conforming to the diverse 
growth factors applied by the users. The impact of these growth factors on the trees can also be 
intuitively checked by comparing the growth values with the generated tree model. 
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Fig. 12. Results of step-by-step tree generation using the proposed authoring system 

(𝐷𝐷𝑏𝑏,𝑙𝑙
𝑖𝑖 �𝐵𝐵𝑖𝑖(𝑥𝑥,𝑦𝑦)� , 𝑟𝑟𝑏𝑏𝑏𝑏𝑏𝑏 , 𝑙𝑙𝑖𝑖 ,𝜃𝜃𝑖𝑖). (a) 𝜎𝜎1(2𝑚𝑚 ∗ 𝑘𝑘), 0.7, 0.7, 50°~60°, (b) 𝜎𝜎1,0(2𝑚𝑚 ∗ 𝑘𝑘), 0.2, 0.6, 60°~80°, (c) 
𝜎𝜎1,1(2𝑚𝑚 ∗ 𝑘𝑘), 0.9, 0.5, 40°~55°, (d) 𝜎𝜎1∗(𝑘𝑘), 0.75, 0.65, 60°~70°, (e) 𝜎𝜎�1(𝑘𝑘), 0.5, 0.55, 60°~75°, (f) 

𝜎𝜎1(3𝑚𝑚 ∗ 𝑘𝑘), 0.55, 0.8, 45°~65°. 
 

Next, we tested the efficiency of the multi-resolution 3D tree model within the authoring 
system. We confirmed that the efficiency of the tree model in terms of the branch propagation 
pattern is basically higher than that of the general method, as shown in Fig. 6. The proposed 
system includes an additional method for the real-time processing of virtual landscapes 
consisting of multiple trees. As shown in Fig. 9, tree models with the same number of growth 
steps were produced at four different resolutions. Table 1 presents the efficiency results for 
each resolution. The number of frames per second (FPS) was measured by allocating 
1500-6000 tree models of each resolution in the scene. The possibility of real-time processing 
was verified by recording at the rate of 25.44 fps in a virtual landscape comprising of 4,500 
trees having the highest resolution (Fig. 9(b)), with the growth pattern based on a 
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mathematical model without applying the LOD. The model with the lowest resolution (Fig. 
9(e)) faced no problems in terms of real-time processing, but the quality of the virtual 
landscape was found to be poor. Consequently, the tree model generated through applying the 
LOD provided the advantage of satisfactory performance while simultaneously ensuring 
quality. It was confirmed that users can effectively create a real-time virtual landscape as they 
effectively control the resolution of the tree model according to the complexity of the system. 

 
Table 1. Efficiency test results of a multi-resolution 3D tree model. 

Resolution-Figure The number of polygon FPS(number of trees) 
1500 3000 4500 6000 

high-9(b) 28,166 34.27 29.11 25.44 22.59 
middle-9(c) 17,951 51.19 46.15 43.16 38.91 
middle-9(d) 12,497 53.89 49.45 46.73 41.45 

low-9(e) 8,507 81.16 75.56 66.46 59.19 
LOD - 49.18 46.70 42.51 39.29 

 
In addition to the efficiency of the tree model created by the proposed system, generation 

of natural-looking virtual landscape is also an important experiment factor. Fig. 13 shows the 
results of generating virtual landscape by using terrain editor in Unity3D where the 
LOD-applied tree models in this study were integrated in Unity3D engine by using a 
compatible function. Given that all trees have built-in LOD, efficient rendering according to 
the distance from the camera is possible. Moreover, we could confirm the naturalness of the 
generated virtual landscape. 

 
Fig. 13. Results of generating virtual landscape composed of tree models created by the proposed 

system. 
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Another important goal of this study was to ensure that general users performing graphics 
tasks could make effective use of the proposed authoring system. Hence, we asked 20 people 
who were familiar with graphics authoring tools such as 3ds Max to generate one of the trees 
in Fig. 12, and measured the time taken to generate the tree model. Table 2 summarizes these 
results. The production of the same model using the proposed authoring system took a 
minimum time of 4.25 min, a maximum time of 7.15 min, and an average time of 5.74 min. 
These results were compared with the tree generation times using tree editor [33], which is a 
digital tree modeling tool that uses Unity3D. Consequently, it took a minimum time of 14.59 
min, a maximum time of 23.14 min, and an average time of 19.76 min, thus revealing a time 
difference of ~14 min with the proposed system. In the case of tree editor with Unity3D, users 
must select inconvenient user interface and a number of complicated parameters, as this 
system provides diverse functions that precisely control and realistically express a single-tree 
model. On the contrary, the growth process of the single-tree model in the proposed authoring 
system is relatively simple, as it focuses on the effective generation of multiple trees. Hence, 
we confirmed the effectiveness of the proposed system in generating the desired trees. 
Subsequently, when the level of user’s satisfaction was rated on a 5-point scale, the two 
authoring systems recorded average values of 4.12 and 4.09, respectively. Thus, both 
authoring systems have shown high satisfaction levels having values of over 4 points. 
Therefore, it has been demonstrated that they can both produce the desired tree models in 
similar production environments.  
 

Table 2. Test results showing the usability and satisfaction levels of the proposed GeoMaTree 

Fig Average production time(min) 
Unity3D tree editor Our GeoMaTree system 

12(a) 17.15 6.15 
12(b) 22.11 4.99 
12(c) 14.59 7.15 
12(d) 19.46 4.25 
12(e) 22.13 5.11 
12(f) 23.14 6.78 

Satisfaction level (1~5) 4.12 4.09 

 
Fig. 14. Compatibility function for application of high-dynamic-range imaging (HDRI) and 

image-based lighting (IBL) method. (a) The generated tree model and a real input image, (b) Editing 
using 3ds Max based on our compatible function, (c) Synthetic image using real background image and 

the our tree model. 
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The subsequent experiment examined the realism of the generated digital trees. Realistic 
expression is more important than rapid generation for digital trees. However, the viewer in 
the authoring system does not include a realistic rendering method, as the proposed system 
concentrates on modeling. Hence, tree models were imported into 3ds Max through the 
compatibility function using high dynamic range imaging, and the final virtual landscape 
images were created using the real image (Fig. 14). Fig. 15 shows the results of this operation. 
The produced tree model was first imported into 3ds Max and rendered using the authoring 
tool based on a method used in real image synthesis. A high-quality synthetic image was 
created using image-based lighting from a similar environment, and then merged into the real 
image. It was confirmed that realistic expression was achieved when the real tree image and 
the tree model produced using the authoring system were harmonized. 

 

 
Fig. 15. Results of creating image synthesis for virtual landscape. (a) Real images taken with natural 

landscape as background, (b) The synthesis results of real images and tree models produced by the 
proposed authoring system. 
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Lastly, a comparative experiment with an existing study was performed. Kim et al. [29] 
designed an LOD method based on the procedural branch growth algorithm for effectively 
constructing an immersive virtual landscape. In order to design a user-oriented authoring 
system, the proposed growth model was simplified and an efficient growth pattern was 
designed based on a mathematical model before applying the LOD. Furthermore, the 
production of high-quality images was enabled through the application functions. Fig. 16 
compares the results of the two studies, and a qualitative difference can be seen in similar tree 
models. In addition, tree models with similar shapes could be generated with fewer branches 
and polygons, since a growth pattern using a mathematical model was applied in this study. 
Therefore, the performance could be further improved when the LOD was applied. The 
comparison results in Table 3 show that it can be possible to express tree models with similar 
shapes having a smaller number of polygons. Furthermore, when the LOD was applied in the 
proposed system, the imaging rate had a value of 21.49 fps versus a value of 40.55 fps in the 
existing study involving 6000 trees, thereby confirming a higher real-time processing 
efficiency for the virtual landscape. 

 

 
Fig. 16. Comparison results of the tree image generated by the proposed authoring system and the 

chosen existing study [29] (a) results of generating high quality image through the compatible functions 
of the proposed system (b) tree model results of existing study. 

 
Table 3. Comparison results of the proposed authoring system and the chosen existing study [29] 

LOD Number of polygons FPS(Number of trees) 
3000 trees 6000 trees 

Proposed 
System 

Low 7,247 47.18fps 40.55fps 
Middle 13,252 
High 25,433 

Existing 
System[29] 

Low 11,917 30.12fps 21.49fps 
Middle 38,715 
High 66,725 

5. Conclusion 
This study has proposed an GeoMaTree system that can easily and intuitively produce diverse 
digital trees in an efficient structure for applications in real-time systems. The growth model 
was defined such that users can conveniently control the parameters of a procedural and 
hierarchical branch growth process. Moreover, a structure that can incorporate the 
simultaneous production of multiple trees that compose a virtual landscape is included. A 
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mathematical model based on the convolution sum of the divisor function was applied to 
effectively manage the complex branch propagation pattern, through which growth can be 
simultaneously realized in both the branch and the leaves. An application function was defined 
so that the digital tree produced by the proposed authoring system can be used effectively in 
real-time systems such as games as well as application fields that produce realistic images. A 
geometric model that is appropriate for tree structures was designed, and a multi-resolution 3D 
model was generated for use with the LOD method. The applicability of the proposed system 
to diverse 3D content fields was ensured by constructing a compatibility function that allows 
the digital image content to be exported to commercial game engines. 

The proposed system accounts for the production of tree models only. Hence, future studies 
will involve not only the intuitive production of diverse digital plants, including leaves and 
flowers, but also the effective construction of large-scale virtual landscapes composed of such 
items. Moreover, we plan to conduct a statistical experiment to confirm whether general users 
can efficiently use the proposed authoring system. 
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