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Abstract
For massive multiple-input multiple-output (MIMO) circumstances with time division duplex
(TDD) protocol, pilot contamination becomes one of main system performance bottlenecks.
This paper proposes an uplink pilot sequence assignment to alleviate this problem for spatially
correlated massive MIMO circumstances. Firstly, a single-cell TDD massive MIMO model
with multiple terminals in the cell is established. Then a spatial correlation between two
channel response vectors is established by the large-scale fading variables and the angle of
arrival (AOA) span with an infinite number of base station (BS) antennas. With this spatially
correlated channel model, the expression for the achievable system capacity is derived. To
optimize the achievable system capacity, a problem regarding uplink pilot assignment is
proposed. In view of the exponential complexity of the exhaustive search approach, a pilot
assignment algorithm corresponding to the distinct channel AOA intervals is proposed to
approach the optimization solution. In addition, simulation results prove that the main pilot
assignment algorithm in this paper can obtain a noticeable performance gain with limited BS
antennas.
Keywords: Achievable system capacity, uplink pilot sequence assignment, single-cell TDD
massive MIMO, spatially correlated channels
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1. Introduction

Today most of the wireless communication systems are deployed in microwave frequencies.
Therefore, lower frequency bands are becoming more and more congested. However, the
available spectrum resource in centimeter-wave (cm-wave) bands and millimeter-wave
(mm-wave) bands has not been fully developed [1]. Compared with the microwave
propagation channels, the cm-wave propagation channels and the mm-wave propagation
channels have fundamentally different channel characteristics. Especially, the adoption of the
higher frequency bands will incur a much more severe propagation loss even in the free space.
This makes them not adequate in long-distance communication circumstances.
One solution would be to adopt extensive antennas at base stations (BSs), which is called
massive multiple-input multiple-output (MIMO) technology. In fact, the use of higher
frequency bands makes this possible. The number of BS antennas under consideration varies
from 256 to 1024 when the mm-wave frequencies are adopted [2]. With the large scale antenna
arrays, massive MIMO technology can concentrate the BS energy into the target directions
and provide a highly desired array gain to compensate the disappointing propagation loss.
Besides the coverage enhancement, massive MIMO technology also works well in improving
the date rate and the energy efficiency [3]. It has become a major research direction of the 5-th
generation (5G) mobile networks. Specifically, the basic overviews of massive MIMO
networks, including the challenges and the opportunities, was presented in detail [4].
Channel state information (CSI) is very important for massive MIMO transmissions to meet
a good system performance. In massive MIMO circumstances with time division duplex
(TDD) protocol, channel reciprocity can be used [5]. And CSI at the BSs is estimated by
adopting the designated pilot signals that are periodically transmitted at all terminals in the
system. However, the orthogonal pilot assignment cannot be carried out in most cases. When
one pilot sequence is reused by several terminas in the system, pilot contamination problem
emerges [6]. With the increase of BS antenna number, pilot contamination becomes one of the
main system performance bottlenecks. In massive MIMO circumstances with frequency
division duplex (FDD) protocol, channel reciprocity cannot be used anymore. And uplink
feedback is on the agenda to estimate CSI at the BSs. However, the amount of the feedback
information from the terminals is linearly correlated with the amount of transmit antennas at
the BSs. Therefore, the key issue is how to optimize the feedback mode [7].
A significant number of papers are dedicated to mitigating pilot contamination. For example,
the interference of pilot sequence and the channel quality of terminal are considered together
to mitigate pilot contamination [8]. Pilot sequences and data sequences are superimposed over
the entire frame in massive MIMO circumstances and the corresponding channel estimation
scheme was analyzed [9]. In addition, a projection approach which does not require the pilot
signals to find the appropriate subspaces was proposed [10]. Together with the power control
algorithm, it can effectively mitigate pilot contamination.
Note that most of the papers mentioned above adopt the independent and identically
distributed fading model. However, the practical wireless channels are not always so ideal.
The spatial correlation property should be studied to further exploit the potential of massive
MIMO technology. A coordination approach was proposed by using the second-order
information among terminals to alleviate pilot contamination for spatially correlated massive
MIMO scenes [11]. A correlation between two channel characteristics, spatial correlations and
power angle spectrum, was established [12]. Subsequently, the expressions for BS receivers
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and BS precoders were developed to optimize the detection error for spatially correlated
massive MIMO channels.
This paper studies the pilot sequence assignment for spatially correlated massive MIMO
circumstances. Specifically, we have
• In [11] and [12], the orthogonality between two terminals was defined by the angle
between their channel covariance matrices. Therefore, the individual covariance matrices of
all users in the system should be calculated. However, this will take too much computing
resources if the amount of BS antennas is large. Specifically, a spatial correlation between two
channel response vectors is established by the large-scale fading variables and the angle of
arrival (AOA) span when the amount of BS antennas tends to infinity. Then the complex
process of calculating covariance matrices could be omitted. And the corresponding
expression for the achievable system capacity is derived.
• The pilot assignment approaches mentioned in [11] and [12] indicated that the terminals
with orthogonal channel covariance matrices can reuse the same pilot sequences. However,
they certainly do not consider the different channel qualities. In this paper, a problem is
designed to optimize the achievable system capacity and a low-complexity pilot assignment
algorithm is proposed to approach the optimization solution. Specifically, after the terminals
with high AOA similarities are assigned with the orthogonal pilot sequences, each unhandled
terminal is matched up with the most ‘‘appropriate’’ pilot sequence according to the AOA
span in a sequential way. Simulation results prove that this pilot assignment algorithm can
obtain a noticeable performance gain with limited BS antennas.
In this paper, section 2 reveals the massive MIMO system and the expression for the
achievable system capacity. Section 3 reveals the optimization problem and the proposed pilot
assignment algorithm. Section 4 reveals simulation results. Section 5 is a summary.
In addition, scalar is denoted by italics. Vector (matrix) is denoted by boldface lowercase
(uppercase). The complex number is denoted by C . The transpose is denoted by (⋅)T . The
Hermitian transpose is denoted by (⋅)H . e x is denoted by exp( x) . The circularly symmetric
complex Gaussian variable with mean 0 and variance 1 is denoted by CN (0,1) . The empty set
is denoted by φ . The absolute value is denoted by ⋅ .

2. System Model
Firstly, a single-cell TDD massive MIMO model with multiple terminals in the cell is
presented. And a spatial correlation between two channel response vectors is established when
the BS antenna number is equal to infinity. Then the corresponding expression for the
achievable system capacity is derived.
2.1 System Model
As presented in Fig. 1, the radius of this massive MIMO cell is R . The BS with its central
position is configured with M independent antennas. Moreover, K single-antenna terminals
are randomly located without the radius of r . In addition, the terminal-cooperation which
leads to a substantial side-information overhead is not invoked there. Specifically, all
transmissions and receptions in this massive MIMO cell are assumed to be synchronous. In
this case, the intra-cell interference will be maximized. Therefore, this assumption means the
worst possible case [6][11].
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Fig. 1. The system model.

2.2 Spatially Correlated Channel Model
We adopt the ray-tracing based channel model given in [12]. Next, we assume that the channel
propagation vector between BS antennas and the k-th user in the cell h k ∈ C M ×1 can be denoted
by
hk = βk ∫

θ kmax

θ kmin

v (θ k )dθ k .(1)

In (1), β k means the average large-scale fading coefficient between BS antennas and the
corresponding user. In practical wireless communication networks, such as the long term
evolution (LTE) networks, a user connects to the BS which has the best channel quality firstly.
In the same time, it can still receive the signals transmitted by other BSs because the switching
process among different cells is likely to happen at any time with the movement of this
terminal [13][14]. In addition, we can think that the average large-scale fading variables
mentioned above can be easily obtained by the BS because they change very slowly in reality
[6][15]. Moreover, for the k-th user in the cell, [θ kmin ,θ kmax ] denotes the channel AOA interval
obtained at the BS. In addition, v(θ ) ∈ C M ×1 denotes the BS steering vector related to the
π π
incidence direction θ . Specifically, we set θ ∈ [− , ] in this paper. This can be achieved by
2 2

adopting the directional antenna arrays at the BS. If uniform linear array (ULA) is installed at
the BS and the antenna spacing equals to a half wavelength distance, v(θ ) can be expressed as
=
v (θ ) [1,exp( − jπ sinθ ),exp( − jπ 2sinθ ), ⋅⋅⋅,exp( − jπ (M − 1)sinθ )]T .(2)

Theorem 1: When the amount of BS antennas is equal to infinity, the BS steering vectors
associated with distinct incidence angles are orthogonal. And this theorem can be formulated
as
v (θ j ) H v (θi ) M →∞ 
1 θ j = θ i
.(3)
= 
M

0 θ j ≠ θ i

Proof: Please see [11].
Then the spatial correlation between two channel response vectors is established as
h Hj hi
M

= β j βi ∫

θ max
j

θ min
j

θimax

∫θ

min
i

v (θ j ) H v (θi )
M

dθ j dθi .(4)

Based on Theorem 1, we have
h Hj hi
M

case 1
0

.(5)
= 
 β j βi θ ji case 2


M →∞

In (5), ‘‘case 1’’ denotes that the AOA for the j-th terminal and the AOA for the i-th terminal
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max
are non-overlapping, i.e., [θ min
]  [θimin ,θimax ] = φ . In such situation, the two corresponding
j ,θ j
channel propagation vectors can be considered orthogonal. On the other hand, ‘‘case 2’’
max
denotes that [θ min
]  [θimin ,θimax ] ≠ φ . Specifically, θ ji denotes the span of the AOA
j ,θ j
intersection. In this case, both the average large-scale fading coefficients and the AOA span
affect the spatial correlation. Compared with the correlation measurements mentioned in [11]
and [12], (5) is much more intuitive because the complex process of calculating the channel
covariance matrices can be omitted.

2.3 Achievable System Capacity
We assume that this massive MIMO cell adopts the TDD protocol and the block fading
protocol. This means channel propagation vectors are going to stay the same during the entire
block interval. In this paper, we assume that the length of coherence interval is T orthogonal
frequency division multiplexing (OFDM) symbols. In addition, coherence interval contains
two parts. The first one is pilot transmission part and the length of it is τ symbols. The second
one is data transmission part and the length of it is (T − τ ) symbols. Next, we discuss them
respectively.
For the sake of simplicity, we hold the opinion that the number of available orthogonal pilot
sequences is T . During the first part, all the terminals in this cell transmit their own pilot
signals to the only BS synchronously. And the received pilot sequences Y ∈ C M ×τ can be
expressed as
K

Y = ρ kp h k z k + ∑ ρip hi z i + N p .(6)
i≠k

In (6), ρ denotes the k-th user’s transmission power for pilot signals. z k ∈ C1×τ means the
p
k

0 i ≠ j
, for
1 i = j

pilot sequence used by the k-th user. Specifically, we assume that z i z Hj = 

i,=
j 1, 2, ⋅⋅⋅,τ . N p ∈ C M ×τ means the additive pilot noise. In addition, we assume that every

element in N p is CN (0,1) .
Next, channel estimation is implemented at the BS based on the received pilot signals. We
adopt the least squares (LS) channel estimation given in [6], and the corresponding estimation
result hˆ k ∈ C M ×1 can be directly obtained by associating Y with z Hk as
hˆ =
Yz kH = ρ kp h k +
k

∑

i∈Γ k

ρip hi + N p z kH .(7)

In (7), the first item of the expansion reveals the desired channel propagation vector for the
k-th terminal in the cell. In addition, the terminals in the set Γ k use the same pilot signal as that
allocated to the k-th user, and the second item reveals pilot contamination. Moreover, the third
item denotes the equivalent pilot noise. With sufficient orthogonal pilot sequences (i.e.,
τ ≥ K ), it is obvious that Γ k ∈ φ . The channel estimation hˆ k will only be destroyed by the
int
equivalent pilot noise, and it can be expressed as =
hˆ no
ρ kp h k + N p z Hk .
k
During the second part, all the terminals in this cell transmit their own data sequences to the
BS synchronously. And the received data signals R ∈ C M ×κ is denoted by
K

R =ρ kd h k x k + ∑ ρ dj h j x j + N d .(8)
j≠k
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In (8), ρ kd denotes the k-th user’s transmission power for data signals. x k ∈ C1×κ ( κ= T − τ )
denotes the data sequence form the k-th terminal. N d ∈ C M ×κ denotes the additive data noise
matrix. In addition, we assume that every element in N d is CN (0,1) .
Next, the obtained data signals is detected at the BS based on the channel estimation result
in the first part. Specifically, the standard maximal ratio combining (MRC) protocol
mentioned in [8] is adopted there, and the detected data sequence form the k-th terminal
xˆ k ∈ C1×κ can be directly obtained by correlating the channel estimation result hˆ Hk with the
received data signals R as (9a).
K

(a)

xˆ k =
hˆ Hk R =
ρ kd hˆ Hk h k x k + ∑ ρ dj hˆ kH h j x j + hˆ kH N d


j≠k
Λ3


Λ1
Λ2

K

(b)

K

=ρ kp ρ kd h kH h k x k + ∑ ρ kp ρ dj h kH h j x j + ∑ ρip ρ kd hiH h k x k + ∑ ∑ ρip ρ dj hiH h j x j + n
 j ≠ k
∈Γ k
∈Γ k j ≠ k


 i

 i
∆1
∆2

∆3

.(9)

∆4

In (9a), Λ1 denotes the desired data sequence. Λ 2 reveals the intra-cell interference. And Λ 3
denotes the equivalent data noise. Consider the fact that the BS only knows the estimations of
the channels, the k-th user’s uplink signal-to-interference and noise ratio (SINR) can be
expressed as
=
SINR ach
k

ρ kd hˆ Hk h k
K

∑
j≠k

2

.(10)

2

ρ hˆ Hk h j + hˆ Hk N d N dH hˆ k
d
j

Then the k-th user’s achievable capacity is denoted
by Cach
=
W
k

(T − τ )
log 2 (1 + SINR ach
k ) , where
T

W denotes the total bandwidth. And the achievable system capacity can be expressed as
K

ach
.
Cach
total = ∑ C k
k =1

Although the BS cannot obtain the accurate channel estimation under pilot contamination as
shown in (7), we expand hˆ Hk as (9b). This is to provide the theory gist for our pilot assignment
algorithm in the next section. In (9b), ∆1 denotes the desired data sequence. ∆ 2 denotes the
intra-cell interference caused by the spatial correlation between distinct channel response
vectors. ∆3 and ∆ 4 denote the intra-cell interference caused by the pilot reuse (i.e., pilot
contamination). n ∈ C1×κ denotes the equivalent data noise, and it can be expressed as
n=
(hˆ k − N p z Hk ) H N d + z k N pH R . According to the state-of-the-art researches [16][17], we have
nn H
M

M →∞

= 0.

According to (9b), the k-th user’s uplink SINR can be calculated by
SINR k =

ρ kp ρ kd h kH h k
K

∑
j≠k

2

ρ ρ h hj +
p
k

d
j

H
k

∑

i∈Γ k

2

ρ ρ h hk +
p
i

d
k

H
i

2

K

∑∑

i∈Γ k j ≠ k

2

ρ ρ h h j + nn
p
i

d
j

H
i

.(11)
H

In addition, if the amount of BS antennas is equal to infinity, the spatial correlation can be
represented by large-scale fading variables and the AOA span as shown in (5). Therefore,
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when the BS antenna number M → ∞ , (11) can be rewritten as
SINR ∞k =

ρ kp ρ kd β kθ kk
K

∑
j≠k

2

ρ ρ β k β j θ kj +
p
k

d
j

∑

i∈Γ k

2

K

2

ρ ρ βi β k θik +
p
i

d
k

∑∑

i∈Γ k j ≠ k

ρ ρ βi β j θij
p
i

d
j

2

.(12)

With sufficient orthogonal pilot sequences (i.e., τ ≥ K ), we have ∆3 =0 and ∆ 4 =0 in (9b).
However, ∆1 and ∆ 2 remain unchanged. Therefore, the k-th user’s uplink SINR can be
calculated as
=
SINR kno int

ρ kp ρ kd h kH h k

2

=
K
2
∑ ρkp ρ dj h kH h j + n no int n Hno int
j≠k

ρ kp ρ kd β kθ kk

M →∞
K

∑
j≠k

int
In (13), n no int =
− N p z kH ) H N d + z k N Hp R . Similarly, we have
(hˆ no
k

2

ρ kp ρ dj β k β j θ kj
n no int n Hno int
M

2

.(13)

M →∞

= 0.

3. Pilot Assignment
In this section, the motivation of pilot assignment is presented firstly. Then a problem is
designed to optimize the achievable system capacity. At last, a novel low-complexity pilot
assignment algorithm is presented to solve the optimization problem.
3.1 Motivation of Pilot Assignment
As mentioned above, the typical massive MIMO systems can provide high-performance
service with sufficient orthogonal pilot sequences. However, the amount of available
orthogonal pilot sequences is limited because it is restricted by the length of the first part, i.e.,
pilot transmission part. In other words, the maximum number of users which can be served at
the BSs simultaneously is limited with τ pilot symbols [6]. Therefore, pilot reuse problem is
always inevitable in TDD massive MIMO systems.
With insufficient orthogonal pilot sequences (i.e., τ < K ), how to assign the limited
orthogonal pilots to the terminals has an important influence on system performance.
According to the analysis produced in Section 2, the achievable system capacity will be
severely damaged if the orthogonal pilots are allocated to the users with low spatial
correlations. On the other hand, a pilot assignment approach which allocates the orthogonal
pilots to the users with high spatial correlations can make significant improvement in system
performance. This conclusion motivates our pilot assignment algorithm.
3.2 Problem Formulation
In order to optimize the achievable system capacity, a problem is formulated as
max Cach
total .(14)
{υ }

In (14), {υ} means all possible pilot sequence assignment approaches. Specifically, pilot
assignment algorithm corresponding to the distinct channel AOA intervals is a research
priority in this paper. Therefore, we discuss the limit of the achievable system capacity which
is directly related to the incidence angle θ as
max C∞total .(15)
{υ }
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(T − τ )
log 2 (1 + SINR ∞k ) . However, we find that it is difficult
T

K

∞
=
C∞k and Ck W
In (15), C∞total = ∑
k =1

to evaluate SINR ∞k directly since SINR ∞k is associated with many factors as shown in (12),
including the pilot transmission power, the data transmission power, the large-scale fading
coefficient, as well as the span of the AOA intersection. Therefore, only the exhaustive search
approach can be adopted to obtain the optimization solution to (15). This means we must
explore all kinds of pilot assignment approaches and pick up the most optimal strategy.
However, when the number of terminals is large, it is hard to implement the exhaustive search
in practice because of its exponential complexity (i.e., τ K ).
In the following discussion, we assume that a power control technology is adopted to
j 1, 2, ⋅⋅⋅, K , can be
compensate the large-scale fading coefficient, so that ρip ρ dj βi β j , for i,=
λ
i 1, 2, ⋅⋅⋅, K . This
, for=
βi
assumption is available and the reason is as follows. The ﬂuctuations of the pilot transmission
power and the data transmission power are very small because the average large-scale fading
variables change very slowly in reality. Then (12) can be rewritten as

p
d
regarded as a constant [18][19]. For a simple example, ρ=
ρ=
i
i

∞

SINR k ~

K

∑ θ kj +
2

j≠k

∑

i∈Γ k

θ kk

2

θik

2

+

∑

K

∑ θij

.(16)
2

i∈Γ k j ≠ k

∞

In (16), ~ denotes the symbol of ‘‘proportion to’’. Different from SINR ∞k , SINR k can be
easily evaluated because it is only related to the span of the AOA intersection. In addition, the
optimization problem (15) can be simplified as
∞
max C total .(17)
{υ }

∞
(T − τ )
=
log 2 (1 + SINR k ) . Although there are two
In (17), C = ∑ C
and C W
T
k =1
transformations from (14) to (17), the simulation results will verify that the pilot sequence
assignment way which is proposed according to an analysis of (17) can approach the
optimization solution to (14) well.
∞
total

K

∞
k

∞
k

3.3 Pilot Assignment Algorithm
Firstly we need a parameter to measure the AOA similarity between two distinct terminals.
Note that θ ji in (5) is not adequate because it only can measure the AOA intersection between
the i-th terminal and the j-th terminal. Therefore, we define a new parameter as
θij
ηij = .(18)
δ ij
In (18), δ ij denotes the span of the AOA union, i.e., the span of [θimin ,θimax ]  [θ jmin ,θ jmax ] . In
addition, ηij ∈ [0,1] . Specifically, ηij = 0 denotes that the AOA for the i-th terminal and the
AOA for the j-th terminal are non-overlapping, i.e., [θimin ,θimax ]  [θ jmin ,θ jmax ] = φ . ηij = 1
denotes that [θimin ,θimax ] = [θ jmin ,θ jmax ] . It is easy to understand that a higher value of ηij
indicates a higher AOA similarity. Moreover, ηij inherits the advantage of θij that the
complex process of calculating the channel covariance matrices can be omitted.
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The pilot sequence assignment approaches mentioned in [11] and [12] indicated that the
terminals with orthogonal channel covariance matrices can reuse the same pilot sequences.
However, they certainly do not consider the different channel qualities. Specifically, after the
terminals with ‘‘similar’’ channel covariance matrices are assigned with the orthogonal pilots,
each unhandled user is matched up with the ‘‘best’’ pilot sequence disorderly.
∞
Based on an analysis of the expression for C total , we can know: 1). The orthogonal pilot
signals should be allocated to the terminals with high AOA similarities. 2). The orthogonal
pilot signals should be allocated to the terminals with large AOA spans. By this means, the
intra-cell interference caused by the pilot reuse can be reduced as much as possible. Then the
achievable system capacity can be improved significantly.
Based on this fact, a pilot assignment algorithm which considers the different channel
qualities is proposed. Specifically, the proposed assignment approach mainly consists of three
steps. Firstly, τ terminals with high AOA similarities are selected and the orthogonal pilot
signals are allocated to them respectively. Then the remainder ( K − τ ) terminals are sorted in
descending order according to their own AOA spans. At last, each one of these terminals is
assigned with the most ‘‘appropriate’’ pilot sequence in a sequential way.
As mentioned above, ηij is adopted to measure the AOA similarity and θ kk is adopted to
measure the AOA span for the k-th terminal. In addition, let Ω UE = {Ω1 , Ω 2 , ⋅⋅⋅,Ω K } denotes the
terminal set. G k , for =
k 1, 2, ⋅⋅⋅,τ , denotes the set of the terminals which share the k-th pilot
sequence. And A k denotes the corresponding AOA union associated with the terminals in G k .
The specific pilot assignment method is presented in Algorithm 1.
Algorithm 1 The Pilot Assignment Algorithm
Input:
i 1, 2, ⋅⋅⋅, K .
[θimin ,θimax ] , for=
Initialization:
k 1, 2, ⋅⋅⋅,τ and Ω UE = {Ω1 , Ω 2 , ⋅⋅⋅,Ω K } .
G k ← φ , A k ← φ , for =
while Ω UE ≠ φ do
Step 1:
Select τ terminals with high AOA similarities based on (18). For the aesthetics of
description, we assume that the terminals {Ω1 , Ω 2 , ⋅⋅⋅,Ωτ } fit this requirement.
k 1, 2, ⋅⋅⋅,τ and Ω UE ← Ω UE \ {Ω1 , Ω 2 , ⋅⋅⋅,Ωτ } .
Then G k ← Ω k , A k ← [θ kmin ,θ kmax ] , for =
Step 2:
Sort {Ωτ +1 , Ωτ + 2 , ⋅⋅⋅,Ω K } in descending order according to their AOA spans.
Then we obtain a new terminal set {Ωl , Ωl , ⋅⋅⋅,Ωl τ } .
1

2

(K− )

Step 3:
Let m = 1 , when m ≤ ( K − τ ) , do
q = arg min
1≤ k ≤τ

[θlmin
,θlmax
]  Ak
m
m
[θlmin
,θlmax
]  Ak
m
m

terminal.
Next G q ← G q  Ωl ,
m

. This means the q-th pilot signal is assigned to the lm -th

A q ← A q  [θ lmin
,θ lmax
]
m
m

end while
Output: G k , for =
k 1, 2, ⋅⋅⋅,τ .

and Ω UE ← Ω UE \ Ωl . m= m + 1 .
m
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Note that for the proposed approach, we assume that the individual channel AOA intervals
of all terminals can be calculated separately. This is valid in practical wireless communication
networks [20]. In addition, similar to the method used in [11], this assumption can also be done
by using the resource blocks (RBs) where the desired terminal and the interference terminals
are allocated in different times. Next, the complexity of this assignment algorithm is evaluated.
j 1, 2, ⋅⋅⋅, K ,
For step 1, the computational complexity of getting all the parameters ηij , for i,=
2
is O( K ) . Then the quicksort approach is adopted to select the eligible terminals and the
complexity is O( K 2 log 2 K 2 ) . For step 2, the computational complexity of getting the AOA
spans for the remainder terminals is O( K − τ ) . Then the quicksort approach is adopted and the
complexity is O(( K − τ )log 2 ( K − τ )) . For step 3, the computational complexity is O(( K − τ )τ ) .
Therefore, the complexity of this assignment algorithm is O( K 2 log 2 K 2 ) . When the number of
terminals is large, it is obvious that the pilot assignment method mentioned above has the
ability to reduce the complexity significantly compared with the exhaustive search.
In addition, because the single-cell massive MIMO model is adopted in [12], we take the
pilot assignment approach mentioned in this paper as an example. The computational
complexity of running the pilot assignment mentioned in [12] is O( M 2 K 3 ) , which is
proportional to the BS antenna number. This is because the individual covariance matrices of
all users must be calculated separately for the pilot assignment approaches mentioned in [11]
and [12]. However, the computational complexity of the proposed assignment algorithm is
independent of the amount of BS antennas. This means the complex process of calculating the
channel covariance matrices can be omitted by using the proposed parameter to measure the
AOA similarity between two distinct terminals. It is obviously that O( M 2 K 3 ) >> O( K 2 log 2 K 2 )
for massive MIMO circumstances where the amount of BS antennas is usually very large.

4. Simulation Results
Firstly, we evaluate the channel estimation error performance and the achievable system
capacity performance through Monte-Carlo simulations in this section. Specifically, the
average large-scale fading coefficient of the k-th user β k is modeled as
βk =

zk
.(19)
rkγ

In (19), rk refers to the average geographical distance between BS antennas and the k-th user.
γ denotes the decay exponent based on the experience. In addition, the value of 10 log( zk )
follows CN (0, ζ 2 ) distribution.
As shown in Fig. 1, we hold the opinion that all terminals in the cell are randomly located
without the radius of r . And the k-th user’s channel AOA interval is denoted by
π π
[θ k − θ k∆ , θ k + θ k∆ ] ∈ [− , ] . Specifically, θ k denotes the average channel AOA for the k-th
2 2

π π
terminal, and we assume that it is uniformly distributed in the angle interval [− , ] in
4 4

k 1, 2, ⋅⋅⋅, K , is CN (0, σ 2 ) distributed. Other
radians. In addition, we assume that θ k∆ , for =
simulation parameters are summarized in Table 1.
In our simulations, the assignment method [11][12] denotes that the terminals with
orthogonal channel covariance matrices reuse the same pilot sequences. Specifically, to obtain
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the channel covariance matrices of the terminals, we think that uniform linear array (ULA) is
installed at the BS and the antenna spacing equals to a half wavelength distance. The random
assignment denotes that the available pilot sequences are assigned to the terminals randomly.
Table 1. Simulation Parameters
Number of terminals in the cell K
Radius of hexagonal cell R
Radius of disk r
Total bandwidth W
Data SNR
Decay exponent γ
Log normal shadowing fading factor ζ

10
200 m
100 m
20 MHZ
10 dB
3.8
8 dB

4.1 Channel Estimation Error Comparison
In this subsection, the channel estimation error performance is evaluated through a defined
parameter called normalized channel estimation error. Specifically, it can be expressed as
 K ˆ
H ˆ
 ∑ (h k − h k ) (h k − h k )
k =1
10 log10 
K

∑ h Hk h k

k =1




 .(20)




The optimization solution denotes the minimum normalized channel estimation error obtained
by the exhaustive search. In addition, we assume that T = 20 symbols and M = 128 .

Normalized Estimation Error (dB)

-5
Random assignment
Assignment method [11][12]
Proposed approach
Optimization solution
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8

Pilot Length (symbols)
Fig. 2. Normalized channel estimation error vs. pilot length τ : pilot SNR = −5 dB and σ = 60 .

Fig. 2 reveals the normalized channel estimation error metric in (20) versus the pilot length
τ . It can be observed that no matter which kind of pilot assignment algorithm, the channel
estimation error performance descends with the increase of pilot length. The proposed
approach outperforms the existing method [11][12], especially in the short pilot length regime.
In contrast, when τ ≥ 7 , the performance gain obtained by using the proposed approach can be
neglected. This is because a longer pilot length means a larger amount of available orthogonal
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pilot signals, and the benefit of exploiting new assignment algorithms in reducing the
estimation error is not so obvious with sufficient orthogonal pilot sequences.

Normalized Estimation Error (dB)
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Assignment method [11][12]
Proposed approach
Optimization solution
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Pilot SNR (dB)
Fig. 3. Normalized channel estimation error vs. pilot SNR: τ = 5 symbols and σ = 60 .

Fig. 3 shows the estimation error metric versus the pilot SNR. In this figure, the channel
estimation error performance descends with the increase of pilot SNR. Specifically, during the
stage of SNR ≤ 5 dB , the channel estimation error decreases significantly as the pilot SNR
increases. For example, the proposed approach can provide a significant gain, for about 12 dB,
from pilot SNR = −5 dB to pilot SNR = 5 dB . However, during the stage of SNR ≥ 5 dB , the
normalized estimation error remains nearly unchanged over a wide pilot SNR region.

Normalized Estimation Error (dB)
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Standard Deviation (degree)
Fig. 4. Normalized channel estimation error vs. standard deviation σ : τ = 5 symbols and pilot
SNR = −5 dB .
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Fig. 4 shows the estimation error metric versus the standard deviation σ . This figure shows
that the channel estimation error performance increases with the increase of standard deviation.
Compared with the assignment method [11][12], the proposed approach is more sensitive to
changes in standard deviation. For the former, the normalized estimation error increases from
-29.3 dB to -24.3 dB when σ increases from 10 to 70 . On the other hand, the estimation
error increases from -30.0 dB to -24.5 dB for the latter.
From Fig. 2 to Fig. 4, we can also obtain the following observations: 1). For the normalized
channel estimation error metric, the performance of the main approach in this paper closely
approaches that of the exhaustive search for different values of pilot length (pilot SNR and
standard deviation). 2). The random assignment has the worst estimation error performance
because it suffers from the most severe intra-cell interference.
4.2 Achievable System Capacity Comparison
In this subsection, the optimization solution denotes the solution to (14) that achieved by
adopting exhaustive search method. We assume that τ = 5 symbols and pilot SNR = 10 dB .

Achievable System Capacity (Mbps)
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Assignment method [11][12]
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Coherence Interval (symbols)
Fig. 5. Achievable system capacity vs. coherence interval T : M = 128 and σ = 10 .

Fig. 5 shows the achievable system capacity metric Cach
total versus the coherence interval T. It
can be observed that no matter which kind of pilot assignment algorithm, the achievable
system capacity increases with the increase of coherence interval. Moreover, compared with
the assignment method [11][12], the proposed approach provides a more significant
performance gain in the long coherence interval regime. Specifically, when T = 20 symbols,
the gain is about 8 Mbps. And when T = 50 symbols, the gain is about 11 Mbps.
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Fig. 6. Achievable system capacity vs. number of BS antennas M : T = 20 symbols and σ = 10 .

Fig. 6 shows the system capacity metric versus the number of BS antennas M. In this fifure,
the achievable system capacity increases with the increase of number of BS antennas. On the
other hand, the proposed approach shows a performance gain over the assignment method
[11][12], and the gain becomes larger as the BS antenna number becomes larger.

Achievable System Capacity (Mbps)
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Fig. 7. Achievable system capacity vs. standard deviation σ : T = 20 symbols and M = 128 .

Fig. 7 shows the system capacity metric versus the standard deviation σ . This figure shows
that the achievable system capacity decreases with the increase of standard deviation.
Specifically, when σ ≤ 30 , the system capacity decreases significantly as the standard
deviation increases. Because in this range, the intra-cell interference caused by the spatial
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correlation and the pilot reuse is sensitive to changes in standard deviation. However, when
σ ≥ 30 , the rate of capacity decrease slows down considerably.
From Fig. 5 to Fig. 7, we can also draw the following conclusions: 1). For the achievable
system capacity metric, the performance of the main approach in this paper closely approaches
that of the exhaustive search for different values of coherence interval (number of BS antennas
and standard deviation). 2). The random assignment has the worst system capacity
performance.

5. Conclusion
The pilot signal assignment is studied in single-cell multi-terminal TDD massive MIMO
scenes with spatially correlated fading channels in this paper. We exploited the fact that the BS
steering vectors associated with distinct incidence angles are orthogonal if the number of BS
antennas is equal to infinity. Then the spatial correlation between two channel response
vectors was established by the large-scale fading variables and the AOA span. With this model,
the expression for the achievable system capacity was derived. Next, the optimization problem
regarding uplink pilot assignment was designed to optimize the achievable system capacity.
For the sake of approaching the optimization solution, the pilot sequence assignment
algorithm corresponding to the distinct channel AOA intervals was proposed. Simulation
results proved that the main pilot assignment algorithm in this paper can obtain a noticeable
performance gain with limited BS antennas.
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