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Abstract

In this paper, we analyze the connectivity of cognitive radio ad-hoc networks in a log-normal
shadow fading environment. Considering secondary user and primary user’s locations and
primary user’s active state are randomly distributed according to a homogeneous Poisson
process and taking into account the spectrum sensing efficiency of secondary user, we derive
mathematical models to investigate the connectivity of cognitive radio ad-hoc networks in
three aspects and compare with the connectivity of ad-hoc networks. First, from the viewpoint
of a secondary user, we study the communication probability of that secondary user. Second,
we examine the possibility that two secondary users can establish a direct communication link
between them. Finally, we extend to the case of finding the probability that two arbitrary
secondary users can communicate via multi-hop path. We verify the correctness of our
analytical approach by comparing with simulations. The numerical results show that in
cognitive radio ad-hoc networks, high fading variance helps to remarkably improve
connectivity behavior in the same condition of secondary user’s density and primary user’s
average active rate. Furthermore, the impact of shadowing on wireless connection probability
dominates that of primary user’s average active rate. Finally, the spectrum sensing efficiency
of secondary user significantly impacts the connectivity features. The analysis in this paper
provides an efficient way for system designers to characterize and optimize the connectivity of
cognitive radio ad-hoc networks in practical wireless environment.
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1. Introduction

Nowadays, technological advances together with the demands for efficient and flexible
networks have led to the development of wireless ad-hoc networks where wireless devices can
communicate with each other in a peer-to-peer fashion without relying on any fixed
infrastructure. With the fast increase in the number of wireless devices, the industrial, scientific,
and medical (ISM) bands are getting congested. Meanwhile, many other licensed spectrum
bands are allocated through static polices. Studies sponsored by the Federal Communication
Commission (FCC) observe that the average utilization of such bands varies between 15% and
18% [1]. To alleviate such inefficient spectrum resource utilization, a promising technology
named cognitive radio is proposed. Cognitive radio technology enables unlicensed users to
opportunistically utilize the licensed spectrum band in a dynamic and non-instructive manner
so that they do not interfere with the operation of licensed users. In this framework, Cognitive
Radio Ad-Hoc Networks (CRAHNSs) [2] are formed by cognitive radio nodes that
communicate in distributed fashion by sharing licensed spectrum bands. In these networks,
there are two kinds of users: Primary Users and Secondary Users. Primary Users (PUs) have the
right to use licensed spectrum while Secondary Users (SUs) have to sense and detect available
spectrum opportunities to be used for transmission. Every SU can opportunistically access a
licensed spectrum band not used by a PU and it has to immediately vacate this spectrum band
when the PU becomes active.

To model network level properties of CRAHNS, stochastic geometry [3] and percolation
theory [4] are often used. In other words, percolation theory is targeted at random geographic
graph where the nodes are random distributed and node’s transmission range is assumed to be a
disk (i.e. a circle). This assumption is applied in designing routing protocols [5-6] as well as
analyzing connectivity of CRAHNS.

So far, percolation-based connectivity has been investigated in distributed networks such as
ad-hoc and wireless sensor networks [7-8]. Recently, the connectivity of CRAHNs has also
been studied from the perspective of stochastic geometry and percolation theory. In [9], the
concept of cognitive algebraic connectivity, i.e., the second smallest eigenvalue of the
Laplacian of a cognitive network graph is introduced. Then, this notion is used as metric for
routing design in CRAHNs. The authors in [10] define connectivity region as the set of
density pair — the density of SUs, Agy, and the density of PUs, Apr, under which the secondary
network is connected. By using theories and techniques from continuum percolation, they
derive the relation between the connectivity of a secondary network and the pair (Asy, Apr). In
[11], the authors introduce the cognitive radio graph model (CRGM) that takes into account
the impact of the number of channels and the activities of PUs, and then combine the CRGM
with continuum percolation model to study the connectivity of secondary network. On the
basic of random geometric graph and probability theory, in [12], a method that divides
connectivity of CRAHNSs into topological connectivity and physical connectivity is proposed
to derive a close-form formula of connectivity between two SUs. In [13], taking correct
detection and false alarm probabilities (P, and P;), the authors derive a close-form model for
the critical thinned density A5 of active SUs in a secondary network, that is, the density of SUs
at which full connectivity of secondary network is ensured. Moreover, the percolation of the
secondary network is investigated by using percolation confidence defined as the ratio of
number SUs connected with the main component to the number of all active SUs in the
secondary network.

Although a more accurate modeling of physical layer is indeed important in network-level
research on CRAHNS, all of aforementioned papers study the connectivity-related properties
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(a) Disk link model (b) Shadow fading link model
Fig. 1. Illustration of link models and resulting connectivity

by using a ideal disk link model to characterize the wireless channel, i.e. two nodes are
connected if and only if the relative distance between them is less or equal to a certain threshold
distance ro, called transmission range as in Fig. 1(a). Such disk link model only reflects
deterministic, distance-dependent wireless channel. However, the wireless channel can be
modeled in a more practical manner as in Fig. 1(b). Particularly, the randomness of channel
condition induced by shadowing effects that are caused by obstacles in the networks should be
taken into consideration.

In the literature, studies on the impact of different types of fading such as log-normal shadow
fading, Rayleigh fading, and Nakagami-m fading on the connectivity of ad-hoc networks are
presented in [14-16], respectively. Recently, investigation on the connectivity of CRAHNs
with fading has attracted much research attention [17, 18]. Particularly, the authors in [17]
investigate the local connectivity, i.e. node degree and probability of node isolation of
CRAHNSs by using stochastic geometry [3] and probability theory. However, the influence of
spectrum sensing efficiency of SU on local network connectivity is not considered and no
results on link connectivity and multi-hop path connectivity are presented. In [18], using
percolation theory [4], the authors derive the closed-form expression of the outage probability
of PU due to inter-network interference (SU to PU) with the sensing error of SU is taken into
account and the upper and lower bounds of percolation area within which the secondary
network percolates. Thus, this work aims at dense networks.

The aforementioned observations motivate us to derive mathematical models in a simple
intuitive approach for analyzing the connectivity of CRAHNSs with shadow fading. Taking into

@ ActivePU @ SU
O Inactive PU

Fig. 2. The impact of shadow fading and PU existence on the connectivity of CRAHNs
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account the spatial-temporal spectrum availability and spectrum sensing efficiency of SU, our
mathematical models can be used to analyze three important connectivity-related features of
secondary networks, e.g. communication probability of SU, probability of direct
communication between two SUs, and the multi-hop connectivity of two arbitrary SUs in the
network area. In addition, the models can be applied for both sparse and dense networks. Fig. 2
illustrates the influence of shadow fading and PU existence on the connectivity of CRAHNS.
Obviously, with shadow fading wireless channel, node’s transmission range is no longer a disk
with radius ry as in previous researches. Instead, it becomes a stochastic variable, resulting in
more complexity of connectivity analysis.

The rest of this paper is organized as follows. In Section 2, we introduce formally the system
model used in this paper. In Section 3, we study the connectivity of CRAHNS in three aspects,
e.g. communication probability of a SU, probability of direct communication between two SUs,
and multi-hop connectivity of two arbitrary SUs in the network area. Section 4 presents
numerical results of the influence of shadow fading and PU’s existence on the connectivity in
CRAMHN:S. Finally, Section 5 concludes this paper.

2. System model

2.1 Spatial node distribution

The distribution of nodes in this paper is given by a random process on a finite network area
axa with N nodes in total. Specifically, it can be approximately characterized by the
homogeneous Poisson process of density p = N /a” . This process has the following property:

— The number of nodes M in certain subarea A such as transmission area follows a Poisson
distribution, i.e.,

m

P(mnodes in A) = P, (m) = me-l , 1)

where the expected value is E[M]=A4=pA. E[M] can also be referred as the expected
value of node degree E[M], which will be discussed later.

2.2 Primary network

The primary network consists of primary transmitters and primary receivers distributed in
network area according to homogeneous Poisson point process of density p, [19], denoted
by G(p;) . The operation of primary transmitter on licensed spectrum band is associated with
an independent and identical ON-OFF state where the number of times that primary
transmitter occupy licensed spectrum in a time unit follows Poisson distribution with average

active rate Ap. Thus, the probability that there are x spectrum occupation events of active
primary transmitter in a time unit is

LX) =22 @)

where 4, is the average active rate of primary user.

Each primary transmitter is associated with a primary receiver. Thus, the number of times
that primary receiver is in active state in a time unit also follows Poisson distribution with
average active rate Ap.
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2.3 Secondary network

The secondary network consists of N secondary users distributed in network area according
to homogeneous Poisson point process of density p [19], denoted by G(p) . Without the
impact of primary network, G(ps) models a standalone network as in AHNs. However, in

temporal-spatial spectrum agility of CRAHNS as considered in this paper, the establishment of
wireless communication link between two SUs depends on both channel quality and
transmission opportunity. This issue will be mathematically studied in detail in Section 3.

2.4 Wireless channel model
To describe the wireless channel model used in this paper, we consider two nodes i and j
locating at a relative distancel(i, j). Node i transmits signal with power p, (i) and node j

receives that signal with power p, (). Thus, the signal attenuation between these two nodes is
defined as

o R 3
(@, J) 0.(J)’ ®)
and can be expressed in terms of dB as
7(i.) =10|oglo[ b {1 j (dB). @
P (1)

In the shadow fading environment, »(i, j) consists of two components: a deterministic
component (i, j) and a stochastic component y, (i, j) . The deterministic component is given
by

7(i, J) = a10logy, I(i, j) (dB), (5)
where « is the path loss exponent. The stochastic component y, (i, j) is assumed to follow

log-normal probability density function. Therefore, y,(i, j) in dB follows normal probability
density function [20, 21], i.e.,

1 y?
f = exp| ——2 dB). 6
5, (72) N p[ zazj (dB) (6)
Typically, the value of standard deviation o ranges up to 10 dB. The total attenuation in dB
is the summation of two above components, specifically
y(i, 1) =n(, j)+7,(, j) (dB). (7)

From the perspective of signal transmission, node j receives the signal from i properly if
p,(j)is larger than or equal to a certain threshold power p, , (j), which can be referred as

receiver sensitivity. If p.(j) > p,,,(]), it is said that node i can establish a wireless link to

node j. We assume that channels are symmetric and all nodes, i.e. SUs and PUs, have the same
p,and p,, . Those assumptions will be used to analyze the connectivity of CRAHNS in the

following section.
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3. Connectivity analysis of CRAHNs

In this section, we analyze the connectivity of CRAHNSs from the viewpoint of SU. First, we
study the link connectivity and average number of neighbors of a SU in standalone secondary
network without the impact of primary network. Then, we extend to the case where secondary
network coexists with primary network, which is considered as the connectivity of CRAHNSs
with shadow fading.

3.1 Link probability between two users

Foragiven p,(i) and p, ,,( ), two users i and j are considered as neighboring nodes if the signal
attenuation between them satisfies

AN ESZY (8)
where the threshold attenuation is
p, (i)
7+ =10log | (dB). (9)
th 10( D ( J)

Let denote A(i, j) the event that there is a wireless link between i and j which are far way at
distancel(i, j) . The probability of A(i, j)is given by

P(AG DG 1) =P(r(, ) <7 116, 1) (10)

From (7), we have y,(i, j) = (i, j) —».(i, j) . Moreover, when the distancel(i, j) between
them is known, the deterministic component of signal attenuation (i, j) can be directly
calculated by (5). Hence, probability of A(i, j)can be calculated by taking integration with
respect toy, (i, j), i.e.,

70—71(1,J)

P(AG, ))1G, 1)) =]

—0

f,(7:)d7, - (11)

Substituting the expressions of y,(i, j) and ,(i, j) in (5) and (6), respectively, into (11), we
obtain

PAG. DI, ) =] exp(—z%jdn. (12)
Solving (12) yields
P(A(i,j)||(i,j))=%—%el’f [%logwl(lr;n} (13)

where the disk transmission range
Vth

r, =101, (14)

is the transmission range in the case of without shadow fading (o =0), anderf (.) is the error
function which is defined as

erf (x) = % [ “exp(~t2 )t (15)
T 0
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The derivation of (13) from (12) is presented in detail in Appendix A.

3.2 Number of neighbors of a secondary user

From the probability of having wireless link between two users as in (13), we study the number
of neighbors D of a specific secondary user. The expected value of D can be calculated by

taking integration of pP(A(i, j)|1(i, j)) over the entire network, i.e.,
2 poo
E[D]:pfo jo P(A|DLdl.dg

= 27zpjo°°P(A IHlLdl. (16)

In general, a closed-form expression for (16) cannot be obtained. However, it can quickly
and accurately be numerically computed with the support of calculation tool such as
MATLAB [22]. It should be noted that neighbors of a SU can be SUs and PUs. Thus,
E[D] corresponding to neighboring SUs and neighboring PUs of that SU can be obtained by

replacing p in (16) with p¢ and p, , respectively.

3.3 Communication probability of a secondary user

We have studied the link probability between any two users, i.e. SU-SU and SU-PU, in Section
3.1. Two users that have a link between each other are called neighbors in the network topology.
Based on this derivation, we now investigate the communication probability of a SU in
CRAHNSs under the impact of spectrum sensing efficiency of SU. The communication
probability of a SU means the probability that a secondary transmitter (a secondary receiver)
can communicate properly with at least one neighbor SUs while do not interfere with active
primary receivers (being interfered by primary transmitters).

From the perspective of SU in CRAHNSs, wireless connection of a specific SU exists if the
following two conditions are fulfilled:

i) It has at least one neighboring SU. From (1), the probability that a SU has no neighboring
node is given by

Pysu(0) =6 ). (17)
Thus, the probability that a SU has at least one neighboring SU is
D, =1-PF, o (0)=1- g Pl (18)
where Eg,[D] is the expected number of SUs which are neighbors of the considered SU.

i) It does not interfere with or being interfered by active neighboring PUs. According to (1),
the probability that a SU has m PUs as neighbors is

E. [D]" -
PM,PU (m) = PurTE'] e EPU[D], (19)

where E,,[D]is the expected number of PUs which are neighbors of the examined SU. We
should remind that the values of Eg,[D]in (17) and E,,[D] in (19) are computed by
substituting p in (16) with p; and p,,, respectively.
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Moreover, all of these neighboring PUs should be in inactive state with probability given by
(2), that is

PO =(e7) =e . (20)

Then, the probability that a SU does not interfere with or being interfered by any active
neighboring PUs in the network is formulated as

Np

Z M,PU (m)P, (0)" . (21)

m=0

Finally, taking into account the primary-user detection probability P, and false alarm
probability P, , the communication probability of a SU in CRAHNS is given by

R com (®com Pd + (1_ ®com) Pf )

— (1_ e—Esu [D])(Pd NZPO%I!D]me_EPU[D]e—mAP + P (1 Z PU [D] —EPU[D]e—miP )J ) (22)

In the case of perfect spectrum sensing, i.e. P,=1and P, =0, the communication
probability of a secondary user becomes

P =®, -0,

com com

Z(l_e—ESU[D])[Z u[D] —EpU D]emzp} (23)

m=0 m'

3.4 Probability of direct communication between two secondary users
In CRAHNS, two secondary users can directly communicate with each other if:

i) There are no active primary receiver and primary transmitter inside the coverage area of
secondary transmitter and secondary receiver, respectively. Since the impact of secondary
transmitter on primary receiver and the impact of primary transmitter on secondary receiver
are independent and have the same distribution, from (21) in Section 3.3, the probability that
both secondary transmitter and secondary receiver can operate properly is

Oy = O - O = [Z W pu (M)P (O)m] : (24)

i) Under a certain shadow fading condition, there exists a wireless link between them. The
probability that there exist wireless link between two nodes under shadow fading is given in
(13), Section 3.1.

Similarly, the probability of direct communication between two secondary users when
primary-user detection probability P, and false alarm probability P; are taken into account is

2
I:)Iink = P(A | I)(®compd +(1_®com)Pf)
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(11 10c G, 0) 1,
_[2 2erf[\/§GIogm . D

2
[PZEPU[D] g EulPlg e 4 p [1 ZEPU[D] —Epu[DlemipD . (25)

m=0 ml

In the case of perfect spectrum sensing, probability of direct communication between two
secondary user becomes

I|nk P(A | I)( com)
11 10c 1(, j) Eny[D]" o Er Dl i
:[E‘Ee”(ﬁa"’gm 7 MZ T R

4. Numerical results and discussions

In this section, we present numerical results of the effect of shadow fading on the connectivity
of CRAHNSs. We verify the analytical results by comparing them with simulation results. In
the simulation, SUs and PUs are distributed according to a homogeneous Poisson process with
density of pg and pp, respectively. We conduct simulation by using MATLAB on a computer
workstation equipped with 3.5 GHz (Intel Core 17-3570 Quad) processor, 4 GB of RAM, and
Windows 7. In all demonstrated network topologies used in this section, red nodes denote PUs,
blue node denotes source SU, green node denotes destination SU, white nodes denote
intermediate SUs, blue solid lines denote communication links between two SUs, and dashed
red lines denote communication links between PU and SU. The simulation results is calculated
by averaging 50000 Monte Carlo simulation network topologies. For each network topology, a
new random node’s location is used. Simulation time varies from 0.4 hour to 1.7 hours,
depending on the values of network parameters used in the simulation.

Fig. 3 illustrates the difference in communication possibility of a SU in non fading and
shadow fading environment. Specifically, Fig. 3(a) and Fig. 3(b) depict the cases where SU is
not affected by any active PUs. For non fading situation as in Fig. 3(a), a SU only has wireless
connection with other SUs staying inside its circular transmission area. However, for
shadowing fading condition as in Fig. 3(b), a SU may have wireless link with other SUs
staying outside its transmission area in Fig. 3(a). The wireless link establishment between
active PUs and SUs also has the same behavior, which results in different communication
probability of a specific SU. For example, with the same distance between an active PU and a
SU, this SU is allowed to communicate with other SUs inside its transmission area as in Fig.
3(c), i.e. the case of non fading, because the distance from it to an active PU is larger than
transmission range. Meanwhile, in Fig. 3(d), due to the effect of shadow fading, the wireless
link between an active PU and a SU is possible. Thus, this SU is not allowed to communicate
with other SUs. In the reverse scenario, if the distance between an active PU and a SU is
smaller than transmission range, this SU is not allowed to communicate with other SUs inside
its transmission area as in Fig. 3(e), i.e. the case of non fading. Nevertheless, this situation may
not happen in Fig. 3(f), i.e. the case of shadowing fading. Athough the distance between an
active PU and a SU is the same as in Fig. 3(e), the wireless link between PU and SU does not
exist due to the effect of shadow fading. Consequently, the SU is allowed to communicate with
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other SUs.
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Fig. 3. lllustration of communication possibility of a SU in CRAHNS in non fading (o= 0) and shadow
fading (o= 4) environment; Ng= 100, Np =10, 1p=0.3, =3, 3, =70 dB
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Fig. 4. Comparison of the communication probability of SU in CRAHNS in the case of perfect spectrum
sensing and of wireless node in AHNs versus node (SU)’s density for different shadow fading
conditions; pp = 3% 10 nodes/m?, Ap=0.3, o =3, 7 =150 dB

Fig. 4(a) shows the communication probability of SU in CRAHNSs in the case of perfect
spectrum sensing (P, = 1, P,= 0) of SU versus SU’s density for different shadow fading degree.
For comparison, the communication probability of AHNs versus node’s density in the same
fading conditions is presented in Fig. 4(b). The communication probability of a SU in
CRAHNSs means the probability that a SU has at least one neighboring SU and available
spectrum band to communicate with these neighboring SUs. From Fig. 4(a), we can see that
higher SU’s density and higher shadow fading degree increase the communication probability
of SU in CRAHNS. Particularly, as density of SU py increases, communication probability of
SU increases sharply in shadow fading environment with o= 8 dB, reaching stable value of
around 0.98 at ps = 0.4x107 node/m’. Meanwhile, communication probability of SU reaches
stable value at ps=0.6x107 node/m” in the shadow fading environment with o= 4 dB. In non
shadowing environment, i.e. o = 0 dB, communication probability of SU requires higher



3346 Dung et al.: Connectivity Analysis of Cognitive Radio Ad-hoc Networks with Shadow Fading
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Fig. 5. Communication probability of SU versus SU’s density in the case of imperfect spectrum sensing
of SU (P;= 0.8, P,= 0.2) for different shadow fading conditions

SU’s density, ps = 0.7x10° node/m? to reach stable value. The same behavior of
commnication probability can be observed in Fig. 4(b) for the case of AHNS, except that the
commnication probability of wireless node reaches stable value faster especially when o= 8
dB. It is because wireless nodes have more opportunity to communicate with each other when
there are no PUs in the network. For other conditions, i.e. =4 dB and o= 0 dB (non fading),
the values of commnication probability in AHNs and CRAHNS are insignificantly different. It

may because the PU’s density, pp = 3x10°® node/m? used in the simulation of CRAHNS is not
very high.

In constrast to Fig. 4(a), Fig. 5 depicts the communication probability of SU in CRAHNSs in
the case of imperfect spectrum sensing (Py = 0.8, P; = 0.1) of SU versus SU’s density for
different shadow fading degree. As can be seen in Fig. 5, the spectrum sensing efficiency of
SU greatly influences its communication probability. Particularly, the maximum
communication probability of SU in Fig. 5 is much lower than that in Fig. 4(a). An important
feature which can be seen in Fig. 5 is that when the influence of PU is small (i.e. O, in (22)
goes to 1), the communication probability of SU is Py, = ®com-Pg. In other words, the correct
primary-user dectection efficiency of SU directly relates to its achievable maximum
communication probability. This observation is confirmed by simulation results in Fig. 5.

Fig. 6 shows the comparison of the connection probability of a SU in CRAHNS versus the
average active rate of PU for different shadow fading conditions and primary-user detection
ability of SU. As observed from both Fig. 6(a) and Fig. 6(b), the impact of shadow fading
degree on connection probability of a SU in CRAHNSs dominates that of the average active rate
of PU. In particular, increasing the average active rate of PU does not reduce much the
wireless connection probability compared with reducing SU’s density. However, high fading
variance o greatly ‘helps’ to improve the communication probability of a SU. This surprising
effect can be explained as follows: For a given SU, shadow fading may take away wireless
links to other SUs that locate within a distance r, from the considered SU, but in turn, it adds
wireless links to nodes that locate further away. On average, the number of added links is
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higher than the number of removed links because the number of potential neighboring SUs of
a given SU is exponentially proportional to the distance, i.e. I(i, j), from them to that SU.

Another observation from Fig. 6(b) is that the imperfect primary-user detection ability of SU,
together with higher active rate of PU, reduces its communications probability in the same
network conditions used in Fig. 6(a). The slight difference between simulation results and
analysis results can be explained as follows. Similar to all previous works in the literature, for
simplicity of theoretical expressions, all wireless nodes are assumed to be placed in infinite
network area. Thus, the effective coverage areas of wireless nodes are always circular.
However, to model real network circumstance, we simulate with finite network area.
Consequently, wireless nodes which are near the edge of network area do not have perfect
circular coverage area. This fact is called border effect, which already discussed in [23]. The
border effect is alleviated as the network area and node density increase.
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Next, we will study the possibility of having direct communication link between two SUs
locating at a relative distance | in CRAHNSs with shadow fading environment. Fig. 7 consists of
several network topologies to illustrate the direct communication possibility between two SUs
in CRAHNSs in shadow fading environment. As we know, two SUs can communicate directly
if: (i) none of them is affected by any active PUs and (ii) they can establish a direct
communication link between them. Fig. 7(a), Fig. 7(b), and Fig. 7(c) depict the cases where
two SUs cannot communicate directly because secondary transmitter, secondary receiver, and
both secondary transmitter and secondary receiver do not allowed to work properly. Fig. 7(d)
presents the case where two SUs can sucessfully establish direct communication link
(represented as bold blue line) between them due to these SUs are not affected by any active
PUs and the power attenuation between them is less than the threshold j, = 80 dB.

Fig. 8 shows the probability of having wireless link between two nodes (SUs) versus //r, for
a =2 and a = 3 with different values of shadow fading degree o and primary-user detecting
ability of SU. As observed from Fig. 8, the relative distance between two users as well as
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fading degree have significant impact on the possibility of being neighbors of two users in
both CRAHNs and AHNS. Particularly, when the distance between two SUs is smaller than the
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disk transmission range r correlating with the deterministic component of signal attenuation,
two SUs have significantly high possibility to communicate directly. In AHNS, as the distance
between two nodes increases, the probability that they can establish a direct communication
link remarkably reduces. In addition, the reducing rate of direct communication probability of
two nodes depends on the path loss exponent a. The lower « is, the lower reducing rate of
direct communication probability is. It is because path loss exponent « affects the disk
transmission range 7, as given by (14). For example, as shown in Fig. 8(a) and Fig. 8(b), with
7w = 50 dB considered in this analyzing scenario, @ = 2 corresponding to 7, = 316.228 m
provides lower reducing rate of direct communication probability of two nodes than when o=
3 corresponding to ry = 46.416 m. In CRAHNS, in the case of perfect spectrum sensing of SU
(P;=1, P;=0), the pattern of direct communication probability of two SUs when o = 3 (refer
to Fig. 8(d)) is quite similar to that of AHNs. However, when o = 2 (refer to Fig. 8(c)), the
pattern of direct communication probability of two SUSs is significantly different from that of
AHNSs. More specifically, when //r, decreases, the maximum value of direct communication
probability of two SUs in CRAHNSs is noticeably lower compared with AHNS. It is due to the
fact that lower path loss exponent ¢ results in larger disk transmission range ry, which
increases the possibility of having active PUs interfere with communication of SUs.

The effect of imperfect spectrum sensing of SU on the probability of direct communication
between two SU is also studied and the results are plotted in Fig. 8(e) and Fig. 8(f). We can see
that the patterns of Fig. 8(e) and Fig. 8(f) are similar to those in Fig. 8(a) and Fig. 8(d), except
that the maximum achievable link probability is remarkably lower. This is because the
decrease in primary-user dectection ability of SU reduces the communication possiblility of
both secondary transmitter and secondary receiver and thus, results in much lower maximum
achievable direct communication probability.

In general, the simulation results in Fig. 8 are in good agreement with the analytical results.
Only when path loss exponent « is small (o = 2 in this case) and the distance between
secondary transmitter and secondary receiver is less than the disk transmission range, there is a
gap between the simulation results and analysis results. The explanations for this observation
are follows. According to (16), to obtain analytical result of expected number of neighbors
(SUs and PUs) of a SU, we take integration of P(A(i, j)|I(i, j)) with respect to I(i, j) over the
infinite network area, i.e. the values of I(i, j) are from 0 to infinite. In addition, P(A(i, j)|I(i, J))
itself is a function of «. Thus, when path loss exponent « is small and the distance I(i, j)
between transmitter i and receiver j goes to 0, the impact of boundary effect on the gap between
simulation results and analysis results is exponentially higher because in simulation scenarios
the possible values of I(i, j) are only from 0 to a finite number. This gap is reduced when the
border effect is mitigated.

We are now interested in investigating the communication probability of two arbitrary SUs
in CRAHNSs with shadow fading environment. It is noted that the communication of two
arbitrary SUs includes both direct communication and indirect communication, i.e.
communication through several intermediate SUs on multi-hop path.

Fig. 9(a) and Fig. 9(b) present the cases where source SU (green node) cannot
communicate with destination SU (blue node) because destination node or both source node
and destination node are affected by active PUs, respectively. In Fig. 9(c) and Fig. 9(d),
source SU and destination SU are not affected by any active PUs. There exist multi-hop paths
between source SU and destination SU in Fig. 9(c). However, there are no paths between these
two nodes in Fig. 9(d).
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Fig. 9. Hllustration of multi-hop communication possibility between two SUs in CRAHNs with shadow
fading environment; pg= 1x 10 node/m? , pp=1x 107 node/m?, 1,=0.3, a= 3, 0=4dB, j;,=60dB

Fig. 10 shows the comparison of the communication probability of a SU and multi-hop path
connectivity between two arbitrary SUs in CRAHNSs versus SU’s density for different fading
conditions and spectrum sensing efficiency. As we can see in Fig. 10, in the same fading
condition, multi-hop path connectivity is significantly lower than the communication
probability of a SU. It is because the connectivity of multi-hop path not only closely depends on
the communication probability of a SU but also depends on the path length in terms of hop
count. With the same communication probability of a SU, the longer that path is, the lower
possibility that source node and destination node can be connected. As shown in Fig. 10(b), the
decrease in spectrum sensing efficiency greatly reduces the communication probability of a SU
and multi-hop path connectivity between two arbitrary SUs compared with those in Fig. 10(a).

Fig. 11 shows the multi-hop connectivity of two arbitrary SUs in CRAHNSs versus SU’s
density for different fading conditions and spectrum sensing efficiency. From Fig. 11, we can
observe some interesting features as follows. When », = 50 dB, the higher shadow
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Fig. 10. Comparison of the communication probability of a SU and multi-hop path connectivity between
two arbitrary SUs in CRAHNS versus density of SU with different fading conditions; pp = 3x10°®
node/m?, 4 = 0.3, @ =3, %, =50 dB

fading degree, i.e. higher value of o, provides higher multi-hop connectivity as can also be seen
in Fig. 10. However, when #, is increased to 65 dB, the same behavior does not happen. It is
because the disk transmission range r, corresponding to the deterministic component of signal
attenuation depends on the value of signal attenuation threshold as expressed in (14). The
values of ry are 46.416 m and 146.780 m when « = 3, », = 50 dB and 65 dB, respectively. The
significant increase in disk transmission range ro together with high shadow fading degree
results in more possibility that SU will be interfered by active PUs. Consequently, the stable
value of multi-hop connectivity in the case of higher shadow fading degree is smaller than that
in the case of lower shadow fading degree. We can also see that in the same network conditions,
the multi-hop connectivity in Fig. 11(b) is much lower than that in Fig. 11(a) due to the
degrading spectrum sensing efficiency of SU.
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Fig. 11. Multi-hop connectivity of two arbitrary SUs in CRAHNS versus density of SU for different
fading conditions and spectrum sensing efficiency; pp = 3x10® node/m?, 4, = 0.3, & =3

5. Conclusion

We have studied the connectivity of CRAHNSs in shadow fading environment. As opposed to
previous research works on the connectivity of CRAHNS in the literature, we take into account
the stochastic shadowing effects between two users. The investigation into the connectivity of
CRAHN:Ss in fading environment is exhaustively conducted in three aspects: communication
probability of a SU, direct communication link probability, and multi-hop path connectivity of
two SUs. Using both analytical and simulation methods, we observe several interesting
characteristics of the impact of shadowing and PU’s existence on the connectivity of
CRAHN:S: (i) for a given value of path loss exponent ¢, a higher fading variance o improves
the connectivity, (ii) the average active rate of PU does not have noticeable impact on the
connectivity compared to that of SU density and shadow fading degree, (iii) the multi-hop
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connection probability of two arbitrary SUs is significantly lower than communication
probability of a SU with the same network condition, and the stable value of multi-hop
connectivity in the case of higher shadow fading degree is smaller than that in the case of
lower shadow fading degree, and (iv) the spectrum sensing efficiency of SU greatly affects the
connectivity of secondary network. The analysis in this paper can be used as a framework
when considering the connectivity of CRAHNSs with other kinds of fading effects. Moreover,
the results in this paper can be combined with the results of connectivity dynamics, e.g. the
stochastic properties of path duration between two nodes [24-25] in the literature, for
designing and evaluating more practical CRAHNSs.

Appendix A: Derivation of (13)
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Therefore, (12) becomes

P(AG, )11, j)):ji%exp(—tz)dt (27)
= Ii%exp(—tz)dt+.f;°%exp(—t2)dt. (28)

. 2,
Since erf (x) = ﬁ.[o exp(—t* )dt, (28) can be expressed as

P(AG, )13, §)) = ——erf(—oo)+ erf(t) (29)

It should be noted that erf (-~0) =-1. Then,
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Let us denote r, =10%«, (32) becomes
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P(A(i,j)||(i,j))=%—%erf (%Iogm |(ir, J')J. (33)
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