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Abstract 
 

In this paper, considering that perfect channel state information (CSI) is hard to achieve in 
practice, the downlink capacity of distributed antenna systems (DAS) with imperfect CSI and 
multiple receive antennas is investigated over composite Rayleigh fading channel. According 
to the performance analysis, using the numerical calculation, the probability density function 
(PDF) of the effective output SNR is derived. With this PDF, accurate closed-form 
expressions of ergodic capacity and outage probability of DAS with imperfect CSI are, 
respectively, obtained, and they include the ones under perfect CSI as special cases.  Besides, 
the outage capacity of DAS in the presence of imperfect CSI is also derived, and a Newton’s 
method based practical iterative algorithm is proposed to find the accurate outage capacity. By 
utilizing the Gaussian distribution approximation, another approximate closed-form 
expression of outage capacity is also derived, and it may simplify the calculation of accurate 
outage capacity. These theoretical expressions can provide good performance evaluation for 
downlink DAS for both perfect and imperfect CSI. Simulation results verify the effectiveness 
of the theoretical analysis, and the system capacity can be improved by increasing the receive 
antennas, and decreasing the estimation error or path loss. Moreover, the system can tolerate 
the estimation error variance up to about 0.01 with a slight degradation in the capacity.  
 
 
Keywords: Distributed antenna systems, imperfect CSI, ergodic capacity, outage capacity, 
path loss, multiple receive antennas.  
 
 

 
This research was supported in part by National Natural Science Foundation of China (61271255, 61172077). 
 
https://doi.org/10.3837/tiis.2017.01.013                                                                                                                     ISSN : 1976-7277 



254                      Xu et al.: Downlink Capacity Analysis of Distributed Antenna Systems with Imperfect Channel State Information 

 1. Introduction 

Distributed antenna system (DAS), as a promising technique for next generation wireless 
mobile communications, has received much attention due to its power efficiency and capacity 
improvement over the traditional co-located antenna system (CAS) [1][2][3][4][5]. Different 
from the CAS, the remote antennas in DAS are separated geographically and connected to a 
central processing unit (CPU) via dedicated wires, fiber optics, or an exclusive radio 
frequency link. The antenna selection transmission with maximal-ratio combining (MRC) is 
an effective diversity scheme to increase the performance while significantly decreasing the 
hardware complexity and cost [6][7]. Therefore, effective combination of DAS and antenna 
selection technique will improve the system performance greatly with efficient hardware 
complexity and cost. 
    Channel capacity, as a measure indicator of the system performance, plays important role in 
communication systems. Based on different system models, the capacity performance of DAS 
has been extensively studied in [8]-[26] and references therein. The performance of downlink 
DAS over multicell Rayleigh and Nakagami fading channels are, respectively, analyzed in [8] 
and [9], where the closed-form expressions of ergodic capacity are derived for the 
corresponding fading channels, but the derived expression in [8] has minor error, and [9] needs 
iterative calculation. For this reason, an accurate closed-form expression of ergodic capacity 
of downlink DAS in Nakagami fading multicell environment is derived in [10]. The ergodic 
capacity of downlink DAS is analyzed in [11] by using different cooperation strategies, and an 
adaptive cooperation is presented to improve the capacity, but the influence of noise is 
neglected for analysis simplicity. In [12], the uplink ergodic sum capacity performance of 
multicell and multiuser DAS is studied under an interference-limited scenario. Considering 
single cell composite fading (including small- and large-scales fading), the capacity 
performance of DAS is studied in [13]-[19]. In [13], [14], [15] and [16], approximate 
expressions of the ergodic capacity are derived for downlink DAS over composite Rayleigh 
and Nakagami fading channel, respectively, but the derived capacity expressions are not 
accurate enough to reflect the actual values, and the analysis is limited in single receive 
antenna case. For this, tightly-approximate closed-form expressions of ergodic capacity for 
downlink DAS with multiple receive antennas are provided in [17], which are more accurate 
than the previous expressions. By high signal to noise ratio (SNR) analysis, an approximate 
expression of ergodic capacity of downlink DAS is derived in [18], which is close to the actual 
cell average ergodic capacity at high SNR. By assuming double-sided spatial correlation, an 
analytical lower bound of the ergodic capacity of uplink DAS in composite Rayleigh fading 
channel is provided in [19], but the capacity is accurate in the low and high SNR regimes only. 
Besides, the outage performance of DAS in fading channel has been also studied. For the 
downlink, an approximate outage probability is derived for DAS with single receive antenna 
over composite Rayleigh fading channels in [20]. For the uplink, the approximate outage 
probability is analyzed and derived for DAS in composite Rayleigh fading channels [21][22], 
in composite Nakagami fading channels [23], and in composite generalized-gamma fading 
channels [24], where the mobile terminal (MT) is equipped with one antenna only. In [25], a 
closed-form approximation of the outage probability for the DAS downlink and uplink is 
derived, and this approximation is tight only when the rate or the number of nodes and 
antennas of the system becomes large. The impact of MRC-based macro-diversity on the 
capacity of code division multiple access (CDMA) DAS is analyzed in [26], and the 
expressions of outage probability on the reverse link and the forward link are derived, 
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respectively. 
Although in all these studies, the capacity and outage performances are well analyzed, the 

performance analysis is based on perfect channel state information (CSI), whereas in practice, 
the perfect CSI is difficult to obtain due to channel estimation error. Moreover, most of the 
above references consider single receive antenna case for analysis convenience, so the derived 
capacity expressions lack generality and the system performance is also limited. Motivated by 
the reasons above, we will address the performance study of downlink DAS with transmit 
antenna selection and multiple receive antennas in the presence of imperfect CSI, where both 
small-scale Rayleigh fading and large-scale path loss are considered. The main contributions 
are summarized as follows: 

1)  The ergodic capacity of DAS in the presence of imperfect CSI is analyzed. According to 
the performance analysis under imperfect CSI, and using numerical calculations, the 
probability density function (PDF) of the effective output SNR of DAS is derived. With this 
result, accurate closed-form expressions of ergodic capacity and second moment of channel 
capacity are achieved, respectively. These expressions match the corresponding simulations 
very well. Thus, they can provide good theoretical evaluation for downlink DAS capacity 
under imperfect CSI. 

2) The outage performance of DAS with imperfect CSI is presented, and an accurate 
closed-form expression of outage probability of DAS for a given outage capacity is derived. 
For a given outage probability, a practical iterative algorithm based on Newton's method is 
presented for obtaining the accurate outage capacity. Besides, by utilizing the Gaussian 
distribution approximation, an approximate closed-form expression of outage capacity of 
DAS is also derived, and it has the value close to accurate one, but no iteration is required. 
With these expressions, the outage performance of downlink DAS under imperfect CSI can be 
effectively evaluated, and correspondingly, the conventional requirement for Monte Carlo 
simulation will be avoided. 

3) The derived theoretical expressions include the ones under perfect CSI and/or single 
receive case as special cases. Thus, they can also be used for evaluating the performance of 
downlink DAS under perfect CSI. For the given outage probability, it is shown that the 
solution of outage capacity does exist and is unique. Based on this, we propose to use 
Newton’s method to obtain the solution due to its quadratic convergence rate. 

The notations we use throughout this paper are as follows. Bold upper case and lower case 
letters denote matrices and column vectors, respectively. E{⋅} denotes the expectation. The 
superscripts (·)T is used to stand for the transpose. IN denotes the N×N identity matrix.  
 

2. System Model 
In this paper, we consider a DAS with M remote antennas (RAs) and N receive antennas in a 
single cell environment as shown in Fig. 1, the RAs are distributed in the cell and connected 
with the central base station (BS, also named as RA1) via coaxial cables, fiber optics or radio 
links, where the i-th RA is denoted as RAi, and the MT is equipped with N antennas. It is 
assumed to be independent and uniformly distributed in the cell as in [8] [18]. To improve the 
system performance, the antenna selection diversity scheme is employed for RAs. If RAi 
(i=1,...,M) is selected to transmit the signals, the received signals at MT can be expressed as 

1, 2, ,[ , ,..., ]T
i t i t i i N iP b P h h h b= + = +y h z z                          (1) 
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where 1, 2, ,[ , ,..., ]T
i i i N iy y y=y , ,j iy is the received signal from the j-th antenna at MT, Pt is 

the transmit power. hj,i is the element of channel vector hi and denotes the composite channel 
fading coefficient between RAi and the j-th antenna of MT. b is the transmitted signal from RAi 
with unity energy. z is the noise vector, whose elements are independent, identically 
distributed (i.i.d) complex Gaussian random variables (r.v.s) with zero-mean and variance 2

zσ . 

Due to the structural feature of DAS, hj,i can be modeled as , ,j i j i ih g L= ,where gj,i represents 
the small-scale fading between RAi and the j-th receive antenna of MT. For Rayleigh fading 
channel, {gj,i} are modeled as independent complex Gaussian r.v.s with zero-mean and 
unit-variance. Li denotes the pass loss between RAi and MT, and is expressed as 0( / ) i

i iL d d α= , 
where αi is the path loss exponent, d0 is the reference distance and di represents the distance 
from RAi to MT. 

According to (1), when single RAi is selected, the output SNR after MRC can be obtained as 
2 2

, ,1 1
| | | |N N

i j i i j i i ij j
h gρ ρ ρ ρ ξ

= =
′ ′= = =∑ ∑                             (2) 

where  i iLρ ρ′ = , 2/t zPρ σ=  is the average SNR, and 2
,1

| |N
i j ij

gξ
=

= ∑ . 

In practice, the CSI will be imperfect due to the channel estimation error. So in this paper, 
we will investigate the effect of imperfect CSI on the system performance with estimation 
errors modeled as complex Gaussian random variables [27]. We assume that the channel is 
perfectly known at the receiver, but there is error in the channel state information feedback 
from the receiver to the transmitter. The large-scale fading may be perfectly estimated due to 
very slow change. According to [27][28], the channel estimate of small-scale fading 
coefficients ĝi derived at the transmitter can be expressed as 

ˆ i i i= +g g e                                                        (3) 

where gi, i=1,…,M, denotes the actual channel, ei is channel error vector independent of gi. The 
elements of ei are assumed to be independent complex Gaussian random variables with zero 
mean and variance 2

eσ , where 2
eσ  reflects the estimation quality. The larger the variance 2

eσ  is, 
the worse the estimation quality will be. When 2 0eσ = , the channel is perfectly known. 

Based on the analysis above, the estimated SNR ˆiρ   between RAi and MT can be written as 

2
,1

ˆˆ ˆ| |N
i i i i j ij

gρ ρ ξ ρ
=

′ ′= = ∑                                             (4) 

where 2
,1

ˆ ˆ| |N
i j ij

gξ
=

= ∑  , ˆ jig  is the element of ĝi. According to the Bayesian Linear Model 
and Theorem 10.3 [29], gi conditioned on ĝi is a complex Gaussian vector, and the 
corresponding mean and covariance can be given by 

        2 1ˆ ˆ{ | } (1 )i i e iE σ −= +g g g  ,      2 2 1ˆ{ | } (1 )i i e e NC σ σ −= +g g I                          (5) 

where C{⋅} denotes the covariance. Utilizing Eq.(2.1-118) in [30], the PDF of ξi given îξ  is 
noncentral chi-square distributed, and can be expressed as 

( 1)/22 2 2

ˆ -12 2 2 2|

2(1 ) (1 )
( | ) exp -

(1 )i i

NN
e e

N
e e e e

xyy xxf x y I
yξ ξ

σ σ
σ σ σ σ

−   + + + 
=      +     

                (6) 
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where Ik(⋅) is the kth-order modified Bessel function of the first kind [31].  With (6), by means 
of the transformation of variables, the conditional PDF of ρi given  is obtained as 

           (7) 

With (4),   is central chi-square distributed with 2N, and thus its PDF and cumulative 
distribution function (CDF) can be, respectively, written as 

                            (8) 

and                (9) 

where Γ(⋅) is Gamma function [31]. As analyzed in section 2, the selective diversity scheme is 
applied to the transmitter, i.e., based on the estimation information feedback at the transmitter, 
one ‘best’ RA is selected for transmission to maximize the estimated SNR. Thus, we have:  

                                             (10) 

 

 
Fig. 1.  Diagram of DAS structure. 

 
It is reasonable to assume that { } are independent of each other due to the large space 
among remote antennas. Hence, using (9) and [32, (47)], the CDF of , , can be 
obtained as 

          (11) 

  With (11), the PDF of  can be given by 
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1
1

ˆ ˆ ˆ , 1
1 1 0 ( , 1) 1, 01,

( ) ( )ˆ ˆ ˆ ˆ ˆ( )= ( 1) exp( ( ))
( )i m

NMM M M M U
p u Ni

i v v u M
i i p p M v i um i

Ff f l A
Nρ ρ ρ

τ

βρ ρ ρ ρ β β ρ
−

+ −
−

= = = − = ≠ == ≠

= − − +
Γ∑ ∑ ∑ ∑ ∑ ∑∏







                (12) 
where 2 1[ (1 )]i i eβ ρ σ −′= + , ( , 1)p Mτ − is the set of (M-1)-tuples such that ( , 1)p Mτ − = 

1 1 1 1,
{( ,..., , ,... ) : {0,1}, }M

m m M q qq m
l l l l l l p− + = ≠

∈ =∑ , 1,

M
vv m

U K
= ≠

= ∑ , ( 1)v vK l N= − ,  

1 1 1
1,

( , 1) {( ,... , ,... ) : {0,1,..., } }
M

m m M v v v
v m

u M k k k k k K k uω − +
= ≠

− = ∈ =∑ , , , 1
( , 1) 1,

( )
!

vkM
v

u M
u M v m v

A
kω

β
−

− = ≠

= ∑ ∏


 . 

 

3. Ergodic Capacity of DAS 
In this section, we will give the PDF derivation of effective SNR and ergodic capacity 

analysis of DAS in the presence of imperfect CSI. Firstly, the PDF of effective output SNR of 
the system is derived. Let ρ denotes the effective output SNR and { }arg max i

i M
a ρ

∈
= , then with 

(7), (8) and (9), the PDF of ρ can be expressed as 

ˆ ˆ|0
1

ˆ ˆ ˆ|0
1 1,

( ) ( )

ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( | , ) ( | ) ( )

ˆ ˆ ˆ ˆ         ( | )

i i i

i i i m

M

i rob i i
i

MM

i m i

F

f f a i P a i f d

f f d d

ρ ρ ρ ρ

ρ ρ ρ ρ

ρ ρ ρ ρ ρ ρ ρ ρ ρ

ρ ρ ρ ρ ρ ρ

∞

=

∞

= = ≠

= = = = = =

=

∑∫

∑ ∏∫
             (13) 

where ˆ ˆ ˆ
1,

( ) ( )ˆ ˆ ˆ ˆ ˆ ˆ( | ) ( )
i i m

M

rob i i
m i

FP a i f fρ ρ ρρ ρ ρ ρ ρ ρ
= ≠

= = = = ∏  [33] and the conditional PDF 

ˆ ˆ| |ˆ ˆ ˆ( | , ) ( | )
i i i iif a i fρ ρ ρ ρρ ρ ρ ρ ρ= = =   is defined as (7).   

    Substituting (7)-(9) into (13), and using (12), (13) can written as  
( 1) / 22 2 2

-12 2 2 20
1

1
1

, 1
0 ( , 1) 1, 0

2

1

ˆˆ 2(1 ) (1 )
( ) exp -

ˆ (1 )

ˆ ˆ ˆ         ( 1) exp( ( ))
( )

(1

NNM
e e

N
i i e i e e i e

N M M U
p u Ni

i v v u M
p p M v i u

M
e

i

f I

l A d
N

ρ

τ

ρρσ ρ σ ρρρ
ρρ σ ρ σ σ ρ σ

β
ρ β β ρ ρ

σ

−
∞

=

−
+ −

−
= − = ≠ =

=

  + + + 
=      ′ ′ ′+     

× − − +
Γ

+
=

∑∫

∑ ∑ ∑ ∑

∑







( )

( 1) / 2 2 1

, 12 2
0 ( , 1) 0

( 1) / 2 2 2
-1

1,0

) (1 )
exp - ( 1)

( )

ˆ ˆ ˆ ˆ       exp( ( )) 2 /( )

N N NM U
pe i

u M
p p M ui e i e

M
u N

i v v i e N i e
v i

A
N

l I d

τ

ρ σ ρ β
ρ σ ρ σ

ρ ρ β β β σ ρρ ρ σ ρ

− −

−
= − =

∞
+ − −

= ≠

 +
− ′ ′ Γ 

′× − + +

∑ ∑ ∑

∑∫







            (14) 

    Utilizing Eqs.(6.643.4) and (8.406.3) and Eq.(8.970.1) in [31], (14) can be simplified as 
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2( 1) / 2 1

, 12 2
1 0 0 ( , 1)

( 1) / 2 2 1
2 2

20

1,

1

(1 ) 1( ) exp - ( 1)
( )

( )!             exp ( )
! [( ) 1]

NM M U
pe

u M N
i p u p Mi e i e i

t N u tu
i e

i e v vM
u N tt v

i e v v
v i

u N
u t

f A
N

u l
t l

ρ
τ

σ ρρρ
ρ σ ρ σ ρ

ρ ρ σ
ρ σ β

ρ σ β

− −

−
= = = −

+ − − +

+ += =

= ≠

+ −
−

 +
= − ′ ′ ′Γ 

′  ′×  
  ′ +

∑ ∑ ∑ ∑

∑
∑







2

1,

M

i e
i

ρ σ
≠

 
′+ 

 
∑        (15) 

    By further simplification, Eq.(15) can be expressed as follows:  
1 21

, 1

2
1 0 ( , 1) 0 0

1,

1 ( 1) ( )!( ) exp( )
( ) ! [( ) 1]

p t N u tNM M U u
u M i ei

iM u N t
i p p M u t i e v vv i

u N
u t

Auf
N t l

ρ
τ

ρ ρ σρ
ρ ρλ

ρ σ β

+ − −− −
−

+ +
= = − = =

= ≠

+ −
−

′−′  = − 
 Γ ′ +

∑ ∑ ∑ ∑∑
∑







   (16) 

 where 2

1, 1,
(1 / ) / (1 )

M M

i i v v i e v v
v i v i

l lλ ρ β ρ σ β
= ≠ = ≠

′ ′= + +∑ ∑ . This is PDF of the effective output SNR of the 

system. When σe
2=0 (corresponding to perfect CSI), (16) is reduced to  

1
1

, 1
1 0 ( , 1) 0 1,

1( ) ( 1) exp( ( ))
( )

NM M U M
p u Ni v

u M
i p p M u v ii v

l
f A

Nρ
τ

ρ
ρ ρ ρ

ρ ρ

− −
+ −

−
= = − = = ≠

′
= − − +

′ ′Γ∑ ∑ ∑ ∑ ∑




         (17) 

     Equation (17) is the PDF of the effective SNR of the system under perfect CSI, which is the 
same as (12) for σe

2=0. Namely, under perfect CSI, their PDFs are identical as expected.  
In what follows, we will give the derivation of ergodic capacity. Ergodic capacity is an 

appropriate capacity metric for channel that varies quickly, or where the channel is ergodic 
over the time period of interest [34], it is equal to Shannon capacity in an Additive White 
Gaussian Noise (AWGN) channel with log2(1+ρ), averaged over the distribution of ρ, here we 
consider capacity per unit bandwidth  (in bits/s/Hz). Thus, the corresponding ergodic capacity 
is expressed as 

( ) ( )2 0
{ } {log 1 } (1/ ln 2) ( ) ln 1aC E C E f dρ ρ ρ ρ

∞
= = + = +∫          (18) 

Substituting (16) into (18) yields 
1

1 0 ( , 1) 0 0

2
, 1 1

2
0 1,

1!
( ) ln 2 !

( 1) ( )
        ln(1 )

[( ) 1]
i

NM M U u
i

a
i p p M u t

p u t
u M i e t N
M u N t

i e v vv i

u N
u t

uC
N t

A
e d

l

τ

ρλ

ρ

ρ σ
ρ ρ ρ

ρσ β

− −

= = − = =

−∞
− −+ −

+ +
= ≠

+ −
−

′  =  
Γ  

′−
× +

′ +

∑ ∑ ∑ ∑∑

∫ ∑







                  (19) 

According to the results in Appendix, we have:  
1

1
1

10

( ) ( )( )ln(1 ) { ( ) ( ) }i

t N
t N t N k i k i

t N i it N
ki

t NJ e d E
k

ρλ λ λρ ρ ρ λ λ
λ

∞ + −
−+ − + −

++
=

−Γ +
= + = − + ∑∫

 
    (20) 

where E1(⋅) denotes the first order exponential integral function , 
1

0
( ) / !n l x

n l
x x e l− −

=
=∑  is 

the Poisson distribution [31]. 
Substituting (20) into (19) gives 



260                      Xu et al.: Downlink Capacity Analysis of Distributed Antenna Systems with Imperfect Channel State Information 

( )
21

, 1

2
1 0 ( , 1) 0 0

1,

1

1
1

1 ( 1) ( )!
( ) ln 2 ! [( ) 1]

( ) ( )( )          { ( ) ( )  } 

p u tNM M U u
u M i ei

a M u N t
i p p M u t i e v vv i

t N
t N k i k i

t N i it N
ki

u N
u t

AuC
N t l

t N E
k

τ

ρ σρ
ρσ β

λ λλ λ
λ

−− −
−

+ +
= = − = =

= ≠

+ −
+ −

++
=

+ −
−

′−′
=

Γ ′ +

−Γ +
× − +

∑ ∑ ∑ ∑∑
∑

∑







 


      (21) 

Eq.(21) is an accurate closed-form expression of ergodic capacity of DAS under imperfect CSI, 
and can agree the simulation very well. When the CSI is perfectly known with σe

2=0, (21) is 
reduced to  

1
, 1

1 0 ( , 1) 0

1
1 1

( 1) ( )
( ) ln 2

     { ( ) ( ) ( ) ( ) /  }

pM M U
u M

a u N N
i p p M u i i

u N
u N i i u N k i k ik

A u N
C

N

E k

τ λ ρ

λ λ λ λ

−
−

+
= = − =

+ −

+ + −=

− Γ +
=

′Γ

× − + −

∑∑ ∑ ∑

∑







  

               (22) 

where 1,
(1 / ) ( / )M

i i v vv i
lλ ρ ρ

= ≠
′ ′= +∑ , equation (22) is an accurate closed-form expression 

of ergodic capacity of DAS under perfect CSI.  

   Besides, for single receive antenna, N=1, the corresponding Kv=lv(N-1)=0, 
1,

=0
M

v
v m

U K
= ≠

= ∑ , 

and resulting u=0 in (21). Thus, (21) is reduced to 
1 1

12
1 0 ( , 1)

1,

1

12
1 0 ( , 1)

1,

( 1) 1 ( ) 
ln 2 ( ) 1

1 ( 1)    = ( ) 
ln 2 1 (1 )

i

i

pM M
i

a iM
i p p M ii e v vv i

pM M

iM
i p p M e i v vv i

C e E
l

e E
l

λ

τ

λ

τ

ρ λ
λρσ β

λ
σ ρ β

− −

= = −
= ≠

−

= = −
= ≠

′ −
=

′ +

−
′+ +

∑ ∑ ∑
∑

∑∑ ∑
∑





                 (23) 

Based on the analysis above, the derived (21) includes the ones under perfect CSI and single 
receive antenna as special cases.  

 

4. Outage capacity of DAS 
The outage capacity and probability are important performance measure of communication 

systems in fading channels [21][22][23][24]. However, the related research is relatively less, 
especially the analysis under imperfect CSI is much less. For this reason, we will give the 
outage performance analysis of the DAS in the presence of imperfect CSI, and derive the 
closed-form outage capacity and probability. Since the channel capacity is a random variable, 
it is meaningful to consider its statistical distribution. A useful measure of statistical 
characteristic is the outage capacity [35]. For the given outage capacity Co, P(Co) is defined as 
the outage probability that the channel capacity C=log2(1+ρ) falls below C0. Thus, the outage 
probability can be expressed as 

( ) Pr ( )= Pr ( 2 -1) = ( )oC
o o thP C C C Fρρ ρ= ≤ ≤                   (24) 

where =2 -1oC
thρ is the outage threshold, Fρ (ρ) is the CDF of ρ  and can be obtained from (16) 

as follows:  
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21
, 1

2
1 0 ( , 1) 0 0

1,

1 ( 1) ( ) ( , )!( )
( ) ! [( ) 1]

p u tNM M U u
u M i e ii

M u N t t N
i p p M u t i e v v iv i

u N
u t

A t NuF
N t l

ρ
τ

ρ σ γ ρλρ
ρ

ρ σ β λ

−− −
−

+ + +
= = − = =

= ≠

+ −
−
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where 1

0
( , )  a ta t e dt

υ
γ υ − −∆ ∫ is the lower incomplete Gamma function [31]. Substituting (25) 

into (24) yields 
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Equation (26) is an accurate closed-form expression of outage probability of DAS with 
imperfect CSI for the given outage capacity Co, which is shown to accord with the simulation. 
When σe

2=0, (26) is reduced to 
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           (27) 

Eq.(27) is an accurate closed-form expression of outage probability of DAS with perfect CSI. 
Besides, for single receive antenna, N=1, (26) is reduced to the following (28). 
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                      (28) 

This is an accurate closed-form expression of outage probability of DAS with single receive 
antenna under imperfect CSI. 
    For a given outage probability ε=P(Co), using (26) or (27) to calculate the outage capacity 
Co directly will be difficult. For this reason, we propse a practical iterative algorithm based on 
Newton’s method to obtain Co.  With (26), we express solving the outage capacity as finding 
the root of 0( )Cφ =0 with 

( )
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   (29) 

    Differentiating 0( )Cφ with respect to Co gives 

( ) ( ) / (2 -1) 2 ln 2 >0o oC C
o o oC C C fρφ φ′ = ∂ ∂ =                      (30) 

This is because ln2, 2 oC and the PDF (2 -1)oCfρ  are all positive. So the derivative ( )oCφ′  
is positive, and accordingly, 0( )Cφ  is a strictly monotonically increasing function of Co. With 
(29), and considering the outage probability ε ∈(0, 1), we have:  

(0) 0 0φ ε ε= − = − < , and ( ) lim ( ) 1 0
o

oC
Cφ φ ε

→∞
∞ = = − >                 (31) 

According to the analysis above, the equation 0( )Cφ  =0 is shown to have a unique 
solution for Co>0.  Substituting (16) into (30) yields 
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There are many methods such as bisection for finding the root of a strictly monotonic 
function. We propose to use Newton’s method to find the root iteratively because it has the 
quadratic convergence rate. Newton’s method is described as follows. 

, 1 , , ,( ) / ( )o k o k o k o kC C C Cφ φ+ ′= −                                      (33) 

where Co, k is the k-th iterative value of outage capacity. ,( )o kCφ and ,( )o kCφ′ are calculated 
by (29) and (32), respectively. With (33), the accurate outage capacity can be obtained, and 
may agree the simulation well.  

To avoid the above iterative calculation, we also provide a closed-form expression for 
computing Co. With (16), using the upper incomplete Gamma function Γ(⋅,⋅), and let x=1+ρ, 
then the second moment of the channel capacity C=log2(1+ρ) can be given by  
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Using Meijer's G-function and Eq.(7.831) in [31], (34) can be simplified as 
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 (35) 

From (35) and (21), the variance of the channel capacity C can be written as 
2 2 2 2( ) [ ( )] ( )c aV E C E C E C C= − = −                           (36) 

With the mean value (21) and the variance (36), using a Gaussian distribution 
approximation, the CDF of C can be approximated as 

2( )1( ) exp( ) 1 0.5 { }
22 2

c a a
C

cc c

x C c C
F c dx erfc

VV Vπ−∞

− −
≈ − = −∫             (37) 

where erfc{﹒} denotes the complementary error function [31]. By setting the above FC(c) 
equal to the given outage probability ε (i.e., FC(c)=ε),  the outage capacity Co can be calculated 
from (37) as 

12 {2(1 )}o c aC V erfc Cε−≈ − +                                               (38) 
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where erfc-1{﹒} denotes the inverse complementary error function. Eq. (38) is a closed-form 
expression of outage capacity, and may obtain the value close to the actual simulation. 
Moreover, from (38) and (26), it is found that Co will increase as ε increases, and decrease as ε 
decreases, as expected. Hence, the derived expressions may provide a good method to assess 
the outage performance of DAS under imperfect CSI. Besides, (38) is relatively simpler 
because it has closed-form expression and does not need any iterative calculation. 
 

5. Simulation results 
In this section, we use the derived theoretical performance formulae and computer simulation 
to evaluate the performance of the DAS over composite Rayleigh channels including path loss. 
In simulation, the cell shape is assumed to be circle with radius R for analysis convenience.  
The BS (RA1) is in the center of the cell, and the other M-1 RAs are uniformly distributed over 
a circle with radius r. Correspondingly, the polar coordinate of the i-th RA is (r, 2π(i-1)/(M-1)), 
i=2,3,…,M. Unless otherwise specified, the main parameters are listed as: M=7; r=2R/3; the 
reference distance dr=80m; radius of the cell R=1000m. The simulation results are illustrated 
in Figs. 2-7. 
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Fig. 2.  Ergodic capacity of DAS with different receive antennas and estimation errors 
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   In Fig. 2, we plot the theoretical ergodic capacity and corresponding simulation of the DAS 
with different receive antennas and estimation errors, where path loss exponent α=2, N=1, 2, 
perfect CSI (σe

2=0) and imperfect CSI (σe
2=0.3) are compared. The theoretical  ergodic 

capacity is calculated by (21). As shown in Fig. 2, the theoretical capacities are in good 
agreement with the simulated ones for different estimation errors and receive antennas. 
Moreover, due to the estimation error, the capacity under imperfect CSI (σe

2=0.3) is lower than 
that under perfect CSI (σe

2=0) as expected. Besides, it is observed that the DAS with two 
receive antennas outperforms that with single receive antenna because of greater diversity, 
which accords with the existing knowledge. The above results show that the derived ergodic 
capacity is valid. 
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Fig. 3.  Ergodic capacity versus estimation error variance for DAS with different path loss exponents 

 
In Fig. 3, the effect of the estimation error on the capacity is evaluated, and the ergodic 

capacity versus channel estimation error variance (σe
2) for DAS with imperfect CSI is plotted, 

where nine RAs and single receive antenna are considered. The average SNR is set equal to 
20dB, path loss exponent α=2 and 2.3. From Fig. 3, it is found that the theoretical capacity can 
agree the corresponding simulation very well due to its accuracy. The ergodic capacity of DAS 
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with α=2.3 is lower than that with α=2 because of large path loss as expected. Besides, as the 
estimation error increases, the capacity will decrease gradually since the CSI becomes less 
reliable. Moreover, the results show that the system can tolerate the estimation error variance 
up to about 0.01 with a slight degradation in the capacity. When the estimation error variance 
increases beyond 0.01, however, the capacity performance will degrade notably. Besides, we 
may see that the capacity performance with M=9 in Fig. 3 is superior to that with M=7 in Fig. 
2 due to great spatial diversity.   

In Fig. 4, we plot the theoretical outage capacity and corresponding simulation of DAS with 
different receive antennas and estimation errors, where the outage probability ε is set as 0.1. 
σe

2=0, 0.3, α=2, and N=1, 2. The accurate and approximate outage capacities are, respectively, 
calculated by (33) and (38), and they are referred as ‘Theory 1’ and ‘Theory 2’, respectively. 
As shown in Fig. 4, the theoretical values are all close to the corresponding simulated ones. 
Especially, the ‘Theory 1’ from the Newton’s method has more accuracy than the ‘Theory 2’ 
from Gaussian distribution approximation, but the latter does not need iterative calculation. 
Due to the estimation error, the outage capacity of DAS with imperfect CSI (σe

2= 0.3) is lower 
than that with perfect CSI (σe

2=0). Besides, the outage capacity of DAS with N=2 is higher 
than that with N=1 because multiple receive antennas are employed and more diversity is 
obtained. By comparing Fig. 2 and Fig. 4, it is observed that the outage capacity in Fig. 4 is 
lower than the corresponding ergodic capacity in Fig. 2 due to the constraint of outage 
probability.  
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Fig. 4. Outage capacity of DAS different receive antennas and estimation errors. 



266                      Xu et al.: Downlink Capacity Analysis of Distributed Antenna Systems with Imperfect Channel State Information 

 
Fig. 5 shows the outage capacity of DAS with different path loss exponents and outage 

probability under imperfect CSI, where N=2, ε=0.1, 0.2, σe
2=0.3, and α=2, 3. ‘Theory 1’ and 

‘Theory 2’ are used to compute accurate and approximate theoretical outage capacity, 
respectively. From Fig. 5, we can see that the derived theoretical outage capacity matches the 
corresponding simulation result well, with only minor differences for ‘Theory 2’. It is shown 
that the outage capacity of DAS with α=3 is lower than that with α=2 since the former 
experiences larger path loss. Besides, the outage capacity of DAS with ε=0.2 is higher than 
that with ε=0.1 since larger outage probability is allowed, which accords with the theoretical 
analysis in section 4. The above results indicate that the derived theoretical formulae are valid 
and reasonable. 
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Fig. 5. Outage capacity of DAS different path loss exponents and outage probability.  

 

In Fig. 6, we plot the theoretical outage probability and corresponding simulation of DAS 
with different receive antennas and estimation errors, where the outage capacity Co is set as to 
2bit/s/Hz, σe

2=0, 0.3, N=1, 2, and α=2. The theoretical outage probability is calculated by (26). 
As shown in Fig. 6, the theoretical outage probability agrees the corresponding simulation 
well. It is shown that the outage probability of DAS with imperfect CSI (σe

2= 0.3) is higher 
than that with perfect CSI (σe

2=0) due to the impact of estimation error. Besides, the system 
with two receive antennas has lower outage probability than that with single receive antenna 
since the former has greater diversity than the latter. The above results indicate that the derived 
outage probability is effective for the outage performance evaluation. 
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Fig. 7 shows the outage probability of DAS with different path loss exponents and outage 
capacity constraints under imperfect CSI, where N=2, σe

2=0.3, α=2, 3, Co=2, 4bit/s/Hz. It is 
observed that the theoretical outage probability is still good agreement with the corresponding 
simulated one. Moreover, DAS with α=2 has better outage performance than that with α=3 
because of smaller path loss, which accords with the existing knowledge. Besides, the outage 
probability with Co=2bit/s/Hz constraint is lower than that with Co=4bit/s/Hz constraint since 
smaller outage capacity is required. The above results further verify that the derived outage 
probability is valid and reasonable. 
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Fig. 6.  Outage probability of DAS with different receive antennas and estimation errors. 

 

6. Conclusion 
We have studied the downlink performance of DAS with transmit antenna selection and 

multiple receive antennas in the presence of imperfect CSI, and analyzed the ergodic capacity 
and outage capacity over composite Rayleigh channel. The PDF of the effective output SNR is 
derived mathematically in detail. With this result, accurate closed-form expressions of ergodic 
capacity and outage probability of DAS are obtained, respectively. These expressions are in 
good agreement with the corresponding simulations, and include the ones under perfect CSI as 
special cases. For a given outage probability, a practical iterative algorithm based on Newton’s 
method is presented to obtain the accurate outage capacity. Moreover, to avoid the iterative 
calculation of accurate outage capacity, an approximate closed-form outage capacity is also 
derived by using the Gaussian distribution approximation, and this approximate expression 
can simplify the calculation of accurate one due to its closed form. The analysis shows that the 
capacity is insensitive to the estimation error variance smaller than 0.01. Besides, simulation 
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results verify the effectiveness of the theoretical analysis, and the system capacity can be 
improved effectively as the number of receive antennas increases and/or path loss exponent 
decreases and/or estimation error decreases. Based on this, these expressions may provide 
good performance evaluation for the DAS under imperfect CSI in theory, and avoid the 
time-consumed Monte Carlo simulation. Considering only downlink performance is analyzed 
in this paper, in the future work, we will further study the performance of uplink DAS with 
imperfect CSI, where transmit beamforming and receive combining vector will be considered. 
It is expected that superior performance can be achieved. 
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Fig. 7. Outage probability of DAS with different path loss exponents and outage capacities 

 

Appendix 
In this appendix, we will give the derivation of (20). Eq.(20) can be rewritten as:  
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     Let x=1+ρ, Eq. (39) can be changed to  
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where 1( , )  a ta t e dt
υ

υ
+∞ − −Γ ∆ ∫  is the upper incomplete Gamma function [31], and can be 

expressed as  ( , ) ( ) ( )uu v u P vΓ = Γ  and 1(0, ) ( )v E vΓ = , where
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is the Poisson distribution, and E1(⋅) is the first order exponential integral function. Based on 
this, (40) can be simplified as  
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 Using Poisson distribution and E1(⋅) function, and let s=j-k, (41) can be further simplified as  
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